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Abstract 



Harmonic maps are mappings between Riemannian manifolds which extremize a certain 
natural energy functional generalizing the Dirichlet integral to the setting of Riemannian 
manifolds. A harmonic morphism is a map between Riemannian manifolds which pulls 
back locally defined harmonic functions on the codomain to locally defined harmonic 
functions on the domain. Harmonic morphisms can be geometrically characterized as 
harmonic maps which also satisfy the partial conformality condition of horizontal (weak) 
conformality (' ll24]| . [jlSl ). Twistor methods provide a powerful tool in the study of 
harmonic maps and harmonic morphisms. Indeed, their use has enabled us to produce 
a variety of examples of harmonic morphisms defined on 4-dimensional manifolds, and 
a complete classification in some cases (jH, [|48l . [|50ll ). In the first part of this work, we 
generalize those constructions to obtain harmonic morphisms from higher-dimensional 
manifolds. 

The infinitesimal deformations of harmonic maps are called Jacobi fields. They satisfy 
a system of partial differential equations given by the linearization of the equations for 
harmonic maps. The use of twistor methods in the study of Jacobi fields has proved quite 
fruitful, leading to a series of results ( [[3T1l . [[36ll . lISTl ). In [|32ll and ll33l several properties 
of Jacobi fields along harmonic maps from the 2-sphere to the complex projective plane 
and to the 4-sphere are obtained by carefully studying the twistorial construction of those 
harmonic maps. In particular, relating the infinitesimal deformations of the harmonic 
maps to those of the holomorphic data describing them. In the second part of this work 
we give a general treatment of these relations between Jacobi fields and variations in the 
twistor space, ohtaining first-order analogues of twistorial constructions. 
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Introduction 



Harmonic maps are mappings between Riemannian manifolds which extremize a certain 
natural energy functional generalizing the Dirichlet integral to the setting of Riemannian 
manifolds. A bibliography can be found in [9] and for some useful summaries on 
this topic, see [fTSl . [[T6ll . Inter alia, harmonic maps include isometrics (distance- 
preserving maps), harmonic functions (solutions to Laplace's equation on a Riemannian 
manifold), geodesies, and holomorphic (complex analytic) maps between suitable 
complex manifolds. 

Harmonic morphisms are maps between Riemannian manifolds which pull back local 
harmonic functions on the codomain to local harmonic functions on the domain. 
Geometrically, harmonic morphisms are characterized as harmonic maps which satisfy 
the partial conformality condition of horizontal (weak) conformality ( [|24]| . [|28l ). 
Together, these two conditions amount to an over-determined, non-linear system of partial 
differential equations. It is thus not surprising that the question of the existence of 
harmonic morphisms is, in general, very difficult to answer. 

Nevertheless, the study of harmonic morphisms from 4-dimensional manifolds to 
Riemann surfaces has been greatly advanced with the aid of twistor methods. In some 
cases, even a complete classification of maps has been found, see [|6l, [|48]| . [l50l . 

To generalize these results notice that, when the domain is a 4-dimensional Einstein 
manifold and the codomain is a surface, a harmonic morphism can be characterized 
as a map which is holomorphic and has superminimal fibres with respect to some 
integrable Hermitian structure on its domain. With this observation in mind, in Chapter 
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HVl we further the application of twistor methods to the construction of holomorphic 
maps with superminimal fibres, giving large families of superminimal (and so minimal) 
submanifolds and extend some of the results from the 4-dimensional case to arbitrary even 
dimensions. 

In Chapter H we define a new notion of twistor space Tj'^V for a vector bundle V over 
a manifold M. This generalizes the usual notion of twistor space over a Riemannian 
manifold and will play a crucial role in all subsequent chapters. Using the Koszul- 
Malgrange Theorem dlSOl ). we prove that a holomorphic structure can be introduced on 
S+V, provided a certain condition on the curvature of V is satisfied (Theorem II. 5. 7 1) . 
Moreover, we shall prove a parametric version of such a result and use it later on when 
studying variations of harmonic maps. 

When A^^" is a Riemannian manifold, its twistor space S+A^ is equipped with two almost 
complex structures and J"^, the second of which is never integrable (see, e.g., [10|). 
It is well known ( [[T2]| . [|42l ) that twistor methods relate conformal harmonic maps : 
— )■ A^^" from Riemann surfaces with holomorphic maps to the twistor space S+A^. 
In higher dimensions, conformal and harmonic must be replaced by pluriconformal and 
either pluriharmonic or (1, l)-geodesic. We investigate the properties of (1, l)-geodesic 
maps Lf : M^™ — )■ A^^" and their relations with twistor lifts. 

In Chapter|nil we prove the following result ( [|43l . see also Remark 5.7 of iHTTl '): 

Theorem 1111.3.41 Let (M, g, J^) be a (1, 2)-symplectic manifold and A^^" an oriented 
even-dimensional Riemannian manifold. Consider a {J , J^^) -holomorphic map ip : 

j^2m _j. 5]+]Y2n_ jy^g^^ the projected map (f : M^™ — )■ A^^", ip = iroi/j, is pluriconformal 
and (1, 1) -geodesic. 

Under some further conditions on the curvature of the normal bundle V = [dipiTM)) ^, 
we also have a converse to this theorem (Theorem lIII.4.21) . We show that the condition on 
the curvature is always satisfied when A^ is a Riemannian symmetric space of Euclidean, 
compact or non-compact type. 
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In the same way that harmonicity of a map : M ^ N can be interpreted as J'^- 
holomorphicity of its twistor lift ip : M ^ S+A^, we relate pluriconformality and real- 
isotropy of (p with, respectively, Ti and jT^-holomorphicity of its twistor lift. This is done 
in Section IIIL6] and will also play a crucial role in Chapter IVl 

In Chapter UVl we apply these results to the study of holomorphic maps with superminimal 
fibres. We provide a twistor method for the construction of such maps, generalizing the 
methods in the 4-dimensional case, see (611, [|50ll . More precisely, we prove the following 
resuk ([43]): 

Theorem llV.l.li Let A^^" and P^^ be complex manifolds and M^'^^+p) an oriented 
Riemannian manifold. Denote by tti : N x P ~^ N the projection onto the first factor 
Assume that we have a -holomorphic map 

H -.W CNxP^ S+M, {z, ^ H{z, 0' 

defined on some open subset W, such that 

{i)for each z, the map P 9 ^ — )■ H{z,^) G S+M is horizontal on its domain; 
(ii) the map h = tt o H is a diffeomorphism onto its image. 

Then, the map tti o h^^ : h{W) ^ M N is holomorphic and has superminimal 
fibres with respect to the Hermitian structure on h(W) defined by the section H o h^^. In 
particular, when n = 1, tti o h^^ is a harmonic morphism. 

We also prove a converse to this result (Theorem IFV. 1.41) . 

In the last chapter, we apply and extend the results in Chapters IH-HIII to the study of 
infinitesimal variations of harmonic maps. A Jacobi field v along a harmonic map 
V^o : M — 7- is characterized as being a solution to the linear equation Jipo{v) = 0. 
A Jacobi field v along ip^ is said to be integrable if there is a smooth variation ip of (po 
tangent to v (i.e., ip : I x M ^ N, {t,x) — (p{t,x) = (pt{x), with (p{0) = (po and 
§l\f-Q^ = by harmonic maps {i.e., cpt : M N is harmonic for alH G / C W). 
For two real-analytic manifolds, all Jacobi fields are integrable if and only if the space of 
harmonic maps is a manifold whose tangent bundle is given by the Jacobi fields ([HI, see 
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[|32l ). L. Lemaire and J. C. Wood studied the integrability of haraionic maps from the 2- 
sphere to the complex projective plane and to the 4-sphere, obtaining a positive answer for 
the first case [l32l and negative for second Il33l . This was achieved by carefully studying 
the twistorial construction of those harmonic maps; in particular, relating the infinitesimal 
deformations of the harmonic maps to those of the holomorphic data describing them. 
For maps ip : I x (M,J^^) (N,h,J^), we introduce the concept of maps 
holomorphic to first order as those for which simultaneously dipo^J^'^X) = J^d'tpoi^) 
and V a_ I (dipt{J^^ X) — dtptiX)) = 0. In order to advance this programme, we then 
prove a series of relations between infinitesimal properties of the map Lp and those of its 
twistor lift ^, obtaining first-order analogues of twistorial constructions; thus, providing 
a unified twistorial framework for the results in |[32l and |[33]| . 
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Chapter I 



Twistor spaces 



In this chapter, we define a new notion of twistor space S+V for an orientable vector 
bundle V of even rank over a manifold M. This generalizes the usual notion of twistor 
space over a Riemannian manifold where V = TM and will become quite useful in 
Chapters [in] and |Vl In Section II.5.4I we shall see under what circumstances we can 
give S+y the structure of a holomorphic bundle over a complex manifold M and the 
importance of the Koszul-Malgrange Theorem. We also take the opportunity to generalize 
this theorem into a "time-dependent" version, that will come into play when we study 
variations of harmonic maps in Chapter IVl 

Throughout this and subsequent chapters, all vector spaces are assumed to be finite- 
dimensional. We shall also use the following standard notation: if E is an oriented 
Euclidean vector space and J a Hermitian structure on E (Definition II. 1.1 1) : 
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Twistor spaces 



GL,{E) = {\ : E ^ E : A is an isomorphism} 

0{E) = {A G GL{E) ■.XoX^ = Id} 

SO{E) = {A G 0{E) : A is orientation preserving} 

Vj{E) = {A G SO(^) : A o J = J o A} 
C{E,Et = TMGL{E) = gl{E) 

o{E) = so{E) = TmO{E) = TmSO{E) = {A G C{E, E) : X + = 0} 

uj{E) = TjdVj{E) = {A G so{E) : A o J = J o A} 

mj{E) = {Xeso{E) : Xo J = -J oX} 

When is a complex vector space, we shall add the prefix C to indicate that we are 
dealing with complex-linear maps, thus obtaining the usual groups GL(C, W), 0(C, W), 
SO(C, W), etc. . To be more precise, any complex vector space W that we shall be dealing 
with will be the complexification of some Euclidean vector space E, i.e., W = E'^ = 
E ® C Hence, on W, we have the complex bilinear extension of the Euclidean metric 
<, > on (the complexified metric, that we still denote by <, >). Then we can define 
< X^{u),v >=< u,X{v) > for A G C{C,W) and obtain the above groups. When 
ly = C^" ~ M'' (g) C we shall use the more usual notation GL(C, k) instead of GL(C, C''), 
and similarly for the other standard groups. 



I.l Hermitian structures on a vector space 

The following definitions and results are standard in the literature (e.g. [fT2l . [|29ll . 

nn). 

Definition I.l.l (Hermitian structure on a vector space). Let E he a real vector space. 
A complex structure on is a linear map J : E E such that .P = — Id. If is a 
Euclidean vector space, we call a complex structure J Hermitian if it is compatible with 

'More generally, when E and E' are two vector spaces, C^{E, E') denotes the space of fc-linear maps 
from E X ... X E (k copies) to E'. 
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the Euclidean metric: 



< Ju, Jv >=< u,v >, yu,vGE. 



(1.1.1) 



We shall represent the set of Hermitian structures on Ehy E. 

It is easy to see that if is a real vector space which admits an almost complex structure J, 
then E admits the structure of a complex vector space, by defining i.u = Ju for u E E . In 
particular, it is easy to see that if we consider a basis {ei, Ck} E E for E as a complex 
vector space, then {ei, Jei, Cfc, Jck} is a basis for E as a real vector space. Hence E 
must have even real dimension. Two bases of E of the form {ci, Jei, e^, Je^} always 
differ by a matrix of positive determinant. Consequently, we can define an orientation 
on E by declaring {ei, Jei, e^, Jck} to be positive; we call this orientation the natural 
orientation induced by the almost complex structure J on the vector space E. If J is some 
complex structure on E, it has two and only two eigenvalues (as a linear isomorphism on 
namely i and —i; their corresponding eigenspaces will be denoted by E^^ and E^^, 
respectively, so that we have the decomposition 



= E^^ © E°\ = {u-iJueE^ : uE E}, = {u + iJu E E^ : uE E}. 



Finally, if J is a Hermitian structure on E, it is easy to prove the existence of an 
orthonormal basis {ei, Jei, e^, Je^} for E (e.g., ||29| , Vol 2, Proposition 1.8). 

Definition 1.1.2 (Positive Hermitian structure on a vector space). Let J be a Hermitian 
structure on an oriented Euclidean space E. We say that J is positive if the natural 
orientation it induces on E is the orientation of E. Equivalently, J is positive if and only if 
there is a positive basis of the form {ei, Jei, e^, Je^}. The set of all positive Hermitian 
structures on an oriented Euclidean space will be represented by T.^E. Similarly we can 
define T.^E; clearly, if E represents E with the opposite orientation, T.^E = T.^E. 

Now, SO(£') acts on T.'^E by the formula 



SO{E) X S+E ^ S+E 

[s , J) ^ s ■ J = s o Jo s-\ 



(1.1.2) 
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It is easy to check that this is indeed a well-defined transitive action with isotropy 
subgroup at an element J E S+i? given by 

Vj{E) = {S eSO{E) : S ■ J = J ■ S}. (1.1.3) 

It is clear that Uj{E) is a closed subgroup of SO{E) so that S+E' has the unique 
differentiable structure such that this action is smooth {e.g., [6]). On the other hand, 
since the action (11.1.21) admits a smooth extension to an open set of C{E, E) and SO(-E') 
is compact, S+_E' is a submanifold of jC(-E, E). 

Fix J e Tj'^E and consider \]j{E) as well as the involution a defined by 
a : SO(E) SO(E) 

(1.1.4) 

S -^JoSoJ-^ {=-JoSoJ). 

Then, {SO{E),lJj{E), a) is a symmetric space (see, for example, [|29l . Vol. 2 Ch. XI 
for standard notation and terminology) and it gives rise to a symmetric Lie algebra, 
[30(E), u j{E), a*^ where a* = dai^. Let mj{E) denote the eigenspace of so{E) 
associated to the eigenvalue —1 of a*: 

mj{E) = {A G so{E) : (t*(A) = -A} = {A G so{E) : A o J = - J o A}; 

then, so{E) = Uj{E) © mj{E). We can now define a complex structure on mj{E) (see 

,e.g.,mch.i ormy. 

Definition 1.1.3 (Complex structure on mj{E)). We can define a complex structure 
on mj{E) by 

: mj ^ mj 

(1.1.5) 

A ^J^iX) = JoA ( = -Ao J). 

With the (unique) differentiable structure that makes the action (11.1.21) smooth, S+E' is a 
submanifold of C{E, E). Choose J G S+E' and consider the smooth submersion Rj : 
SO(E) ^ obtained by the right action of J, i?j(5) = S-J = SoJo S'^. Clearly, 
i?j(Id) = J and di?jj^ : rMSO(E) = 5o{E) -> TjS+E is a surjective map. Hence, 

TjE+£; = {A G C{E,E) : 3/3 G so(l/) with di?jj,(/3) = A}. Now, as di?jj, (/3) = /3J- 



I.l Hermitian structures on a vector space 
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J(3, we can rewrite Tj^+E as the set {A G C{E, E) : 3 /3 G 5o{E) with f3J - Jf3 = A}. 
Finally, it is easy to check that this set is nothing but mj{E) and therefore 

TjS+E = mj(E). (1.1.6) 

As a consequence, from Definition II.1.3[ we conclude that T.'^E is an almost complex 
manifold. We shall see in the next section that S+E' is, indeed, a complex manifold and 
that this complex structure can be given in a different waj^. 



I.l.l E E as the complex manifold G+^{E'^) 

Let {E, <, >) be an oriented even-dimensional Euclidean vector space with (real) 
dimension 2k. Consider its complexification _E"^, equipped with the complexified metric. 
Given a complex linear subspace F C E'^, we shall say that F is isotropic if < F, F >= 
0; i.e., < u,v >= for every pair of vectors u,v E F. We now wish to introduce the 
notion of positive isotropic subspace. We start by noticing that to each A;-dimensional 
isotropic linear subspace on E^ corresponds one and only one Hermitian structure J 
(the induced Hermitian structure) on E such that F is the corresponding (1, 0)-subspace. 
Explicitly, to each J in S we make correspond the isotropic A;-dimensional subspace 
in E^ given by E^'^ and, conversely, given an isotropic fc-dimensional subspace F in E^, 
we define .J^ as acting as i on F and —i on its conjugate F := {u E E^ : u E F}. It 
is easy to check that J*^ preserves E and has F as its associated (1, 0)-subspace. Hence, 
we can now define an isotropic A;-dimensional complex linear subspace F in E^ as being 
positive if the induced Hermitian structure Jp is positive. Therefore, we can construct the 
Grassmannian of the /c-dimensional positive isotropic subspaces on E^, 

Glg^{E^) := {F C E^, F isotropic fc-dimensional positive subspace}, 

which, by its very definition and the preceding discussion, can be identified with the set 

S+F of all positive Hermitian structures on E. We now wish to introduce on this set a 

^We can also give E^i? an almost complex structure: just consider S^i? as S+i? where E is the 
Euclidean space E with the opposite orientation. 
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complex structure (and not just an almost complex structure as previously). We can do 
so by showing that there is a left transitive action of a complex Lie group which has a 
complex Lie subgroup as isotropy subgroup, as follows: 

Theorem 1.1.4 as a complex manifold). Let Gf^^^E'^) be defined as above. 

Consider the complex Lie group SO(C, E^) and the map 

SO(C, E^) X GUE^) ^ GUE^) ^ 
(A , F) ^ A(F). 

This is a well-defined transitive left action of the group SO(C, E^) on the set G^^^i^E^). 
Moreover, its isotropy group is a complex Lie subgroup of SO{C, E'^). In particular, 
G^g^{E^) is a complex manifold, whose differentiable (holomorphic) structure is the only 
one for which the action (11. 1.71) is holomorphi^ 

See Section IATTI for the proof of this theorem and some more details. The transitivity of 
the above action (II. 1.71) follows from that of SO{E) on Glg^{E^); therefore, we could 
have defined a left transitive action SO{E) on G^^^^E^) by the same expression. For 
this action, the isotropy group at F G Gfgg{E^) would be lJj{E), where J is the complex 
structure induced by F. In particular, as SO(-E') is a (real) Lie subgroup of SO(C, E"^), we 
deduce that the underlying differentiable structure on Gf^^^E^) makes the identification 
S+F i — > Gl^^{E^) smooth. The following proposition shows that this identification 
is anti-holomorphic for the almost complex structure introduced on S+F via (II. 1.51) and 
(II. 1.61) and the complex structure on G^g^{E'^) given by the above Theorem II. 1.41 For the 
following, see also ffT2ll , p. 22: 

Proposition 1.1.5 {Gf^^{E^) and S+F). Take S+F with the almost complex structure 

introduced via (II. 1.51) and (II. 1.61) . Gf^^i^E'^) with the (almost) complex structure in 

Theorem \LL4\ Let 7] : S+F — i- G^^^i^E'^) be the identification map that to each 

complex structure J makes correspond E^^. Then, not only is rj smooth (as in the 

^Notice that we could do an analogous construction for S E instead of S+£': in this case, we should 
drop the condition "F is positive" and consider the Grassmannian Giso{E^) of isotropic fc-dimensional 
subspaces instead of G^^^{E'^). 
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previous discussion ) but it is anti-holomorphic. In other words, both these almost complex 
structures are integrable and conjugates of each other. 



Proof. Since the constructions are independent of choice of basis, by fixing an 
orthonormal positive basis for E and identifying E with M^^, we can reduce to the 
case S"*"]R^'^. Now, all we have to prove is that for any holomorphic map f : U C 
C —7- Gfg^{C'^'') the corresponding map Jj to S+M^'^ is anti-holomorphic for the structure 
defined via (II. 1.51) and (II. 1.61) . Now, / is holomorphic if and only if it has a holomorphic 
lift (also denoted by /) to SO(C, 2k) C £(C, 2k). As £(C, 2k) is a complex vector space, 
holomorphicity of / is equivalent to the Cauchy-Riemann equations: 

d-j-Re f = dy Im f 

" (1.1.8) 

9y Re / = -(9^ Im /, 

where / = Re / + ilm/ G £(C,2A;) with Re/,Im/ G £(M,2A;) and z = a; + G 
C. On the other hand, given the map f : z ^ f{z) G SO(C,2/i;) and assuming for 
simplicity that /(O) = Id, the induced map to (^^^(C^^) is precisely f{z)Fo, where 
Fo = span{e2i_i - ie2i}i=i,...,k sc|jthat f{z)Fo = span{/(2;)e2i_i - ifiz)e2i}i=i,...,k = 
span{Re/(2;)e2i_i + Im/(2;)e2i - i{Ref{z)e2i - Im /(z)e2i_i)}i-i,...,fc and therefore 
J/ : W C C S+M^'' is given by J/(Re/e2i-i + Im/e2i) = Re/e2i - Im/e2i-i, 
as Tj^^^^M^^ = f{z)FQ. Equivalently, letting ■ denote the usual matrix multiplication in 
>C(M, 2k), Jf is determined by the conditions 

J/-Re/e2j-i = -Im/e2j-i 
Jflmfe2i = Re/e2i 

which are equivalent to J/ ■ Re / = — Im /. Applying the derivatives dx and dy yields 

d^Jf ■Ref + Jfd^Ref = -d^ Im / 
dyJf ■ Re f + Jf ■ dyRe f = —dy Im /. 



'^Fq is the (1, 0)-subspace associated with the canonical complex structure Jo of K^'^ defined by 
Joe2i-i = e2i, i = 1, k. 
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Applying Jf to both sides of the first equation and using (|1.1.8I) on the second identity 
gives 

Jf ■ dxJf ■ Re f = dxRe f — Jfdx Im / 
dyJf ■ Re f = Jf ■ dxlm f - dxRe f 
and using the second equation to simplify the first as well as the fact that Re /(O) = Id 
(so that Re / is invertible near the origin) yields 

Jf ■ dxJf ■ Re / = -dyJf ■ Re / Jf d^Jf = -dyJf. 

Hence, <lJf{dy) = dJf{jfdx) = -J/dJ/(9^) = -J^dJf{dx) by (031) . proving that 
Jf is anti-holomorphic for the complex structure introduced via (II. 1.51) and (II. 1.61) and 
thus concluding our proof. □ 



1.2 Fundamental 2-form on vector bundles 

Let {M,g, J) be an almost Hermitian manifold, thus J^ E S T^M and the assignment 
X — 7- is smooth as a section of the bundle C{TM,TM). Then we have the usual 
fundamental 2-form (or Kdhler form) tu associated with J: 

uj{X, Y) := g{JX, Y), X,Y e T{TM). (1.2.1) 

In a more general context, consider an (orientable even-dimensional) vector bundle V 
over a manifold M (not necessarily equipped with an almost complex structure for now); 
let V be equipped with a metric gv and a compatible linear connection, V^, in the sense 
that V^^fy = 0; /.e., 

X{gv{U,W)) = g{VlU,W)+gv{U,VlW), ^ X eT{TM), U,W eT{V) (1.2.2) 

(such a vector bundle (V, gy, V^) will be called a Riemannian vector bundle as in, for 
example, [[HI). Moreover, assume that V is equipped with an almost Hermitian structure 
Jy. In other words, Jy^ '■ ^ with Jy^ = — Idy^, Jy^ compatible with the metric 
gy^ and, of course, J is a smooth section of C{V, V). We shall call such a vector bundle 
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(V, gv, V^, Jy) an almost Hermitian vector bundle. On such a vector bundle, we also 
have a fundamental 2 -form defined by 

ojviU, W) = gviJyU, W), \fU,We T{V). (1.2.3) 

As in the usual case when V = TM we also have a natural splitting of the bundle V'^ into 

(1, 0) and (0, \)-subspaces, 

where V^'^ (respectively V'^^) is the eigenspace associated to the eigenvalue i (respectively 

— i) of Jy. 

We establish the following result, which is known for the case V = TM ( ll42l . Lemma 
1.1): 

Lemma 1.2.1. Let {V, gv,V^ , Jy) be an almost Hermitian vector bundle over the 
Riemannian manifold {M,g). Then, for all X G T{TM), U^°,W^° G T{V^°) and 

(VxWy)(t/^°, W^^) = 2igy{y\U^^, W^^) and (1.2.4) 

{Vx^v){U^\W^^)=Q, (1.2.5) 

where the connection V^, the metric gy and the fundamental 2-form uy are just the 
complex bilinear extensions of the given ones on V. 

The same result holds if we allow X G r(T'^M) and then the first equation will easily 
lead to 

{yxu^v){U'\ l^°i) = -2igy{ylU'\ l^°i), (1.2.6) 

for X G T{T^M)), U^^ ,W^^ G T{V^^). In particular, we deduce Salamon's Lemma 
1.1 in ll42ll when V is just the usual tangent bundle over an almost Hermitian manifold, 
expressed in terms of forms (instead of using what he calls "fundamental 2-vectors"). 
Notice, moreover, that the preceding identities are tensorial. For instance, identity (II.2.4I) 
can be written as 

(VxWy)(f/^°, W^^) = 2igy{W\U^^, W^^), Vx G M, X G T^M, [/^°, W^^ G V^^ . 
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The left-hand side of each equation is tensorial. For the right-hand side, we can directly 
check its tensoriality using again the fact that gv{V^^, = (or the (0, l)-analogue): 



^y(Vx(/.f/^°), = gv{X{f).U'', + fgv{VxU'', = fgv{VxU'', W), 



{VxUJv){U''',W) = X(a;y(f/'°,Vri°)) -c^y(V^t/i°,Vri°) -a;y(f/'°, V^iyi°) 



as desired. For the other two equations (11.2.51) and (11.2.61) the arguments are similar. □ 

A useful way of stating the last lemma is the following: consider V^^ and its dual, V^^*; 
V^^* is the set of C-valued linear maps from V^^ or, if we prefer, the set of C-valued 
linear maps from that vanish on every vector of V^^. Define V^^* in an analogous 
fashion. Now, take V"^^* as given by 

\/20* ._ ^X:V^xV^ C, bilinear and skew-symmetric, X{V°\ V^) = 0} 
~ {A : V^'^ X V^^ — !■ C, bilinear and skew-symmetric}. 
Analogously, 

\/02* ._ ^X:V^ xV^ ^ C, bilinear and skew-symmetric, A(V^°, V^) = 0} 
^ {A : V^^ X V^^ — 7- C, bilinear and skew-symmetric} and 



and, since uy is skew-symmetric, so is Vx^v- Lemma IT. 2 . 1 1 states that Vx^v ^ © 
and that its (2, 0) and (0, 2)-parts are given respectively by (II.2.4I) and (II.2.6I) . 



for all smooth functions / (locally) defined on M. 



Proof of Lemma iLlJl We have 



2tgv{VxU'^W), 




02* 
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To proceed further, assume now that the base manifold also has an almost Hermitian 
structure. Then, not only V'^ can be split into its (1,0) and (0, l)-parts, but the same 
happens to T^'M. In particular we can write, for any vector fields X G r(T'^M), U, W G 
T{V^), denoting by X^o the (1, 0)-part of X in T^M, U^^ the (1, 0)-part of U in V^, etc. 
(again, for any vectors at a point, with the same argument as after Lemma IT.2. II) : 

( Vxw) (f/, W) = dluj{X, U, W) + djuj{X, U, W) + d^w(X, U, W) + d^u;(X, U,W) ^ ^ ^ 
= diUj{X, U, W) + d2Cj(X, U, W), where 

dlco{X, U, W) = (Vxioa;)(f/io, IV^O), d2a;(X, U, W) = {V xoiuj){U'^\ lyo^), 
d^a;(X, U, W) = {Vx^ouj){U°\ W^^), dluj{X, U, W) = (Vxoiw)(t/^°, W^°) 
and diw = d\uj + dfu, d2UJ = dlco + d^u. Equation (IL2.7I) is valid since all the other 
parts vanish, in virtue of (II.2.5I) . We then have the following lemma, which is known for 
the case V = TM ([il. Lemma 1.2): 

Lemma 1.2.2. Let (M, J^'' , V, gy, V^, Jy) be as before. Then, 

dio; = ^ V^iomV"^" C 1/10 and (L2.8) 

d2u; = ^ V^oiM^'° ^ (1-2.9) 
Moreove^ these identities are valid pointwise on M: 

diu;(x) = ^ V^iot/^° C V;io, Vf/i° G r(1/iO) anJ (1.2.10) 

d2u;(x) = ^ V^oi?7i° C V[/i° G r(\/i°). (1.2.11) 

Proof. Let us start by proving (IL2.8I) : 

Let us prove d\u = ^ d^u = diu = 0. We have diu = if and only if both 
d\co and dfcu vanish, since d\uj and dfco are just the different components of dicu. On the 
other hand, 

d\uj = ^ (Vxioa;)(f/i°, W^°) = ^ {Vx^ouj){U^o,W^o) = 
^ {VYmUj){U^,W^) = ^ {VxoiUj){U^\W^^) = ^ dfw = 0. 
^We could also write dLZgj l as daw = ^ ^t^om^^^ ^ 
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Now, we have diu = if and only if d\uj = 0; equivalently, using (IL2.4I) . if and 
only if 5'y(Vxiof^^°, W^'^) = 0, the latter condition being equivalent to the requirement 
Vx^oU^° e concluding the proof of Cm])- 

To prove the second identity (II.2.9I) . we apply similar arguments, now using (II.2.6I) . 
Finally, the fact that these identities are valid pointwise on M is easy to check. □ 

1.3 Types of almost Hermitian manifolds 

We shall need in the sequel the definition and characterization of the following types of 
almost Hermitian manifolds (see, e.g., lO, [|42]| '): 

Definition 1.3.1 (Types of almost Hermitian manifolds). Let (M, (7, J) be an almost 
Hermitian manifold. Then, M is said to be 

(i) Hermitian if J is integrable; i.e., if and only if there is a complex structure on M with 
J as the induced almost complex structure If]. 

(ii) {1 , 2)-symplectic if VzoiF^o G T{T^^M), for every e T{T'^^M), Y^^ e 
r(TiOM) (see [6], p. 251). 

(iii) Cosymplectic if trace V J = 0. In other words, if {Xj} is an orthonormal basis for 
T,M, then Ei(Vx. = 0. 

Let us recall the following properties of almost Hermitian manifolds (see l|29l , (421): 

Proposition 1.3.2 (Properties of almost Hermitian manifolds). Let (M, J) be as before. 
Then: 

(i) the following conditions are equivalent. 

*If we consider only (A/, J) with J integrable then, as usual, (Af , J) is said to be a complex manifold. 
When M is a complex manifold, the induced complex structure J on M is defined by Jdxi = dy^ where 
z — {xi + ij/i, x,ri + iym) is a complex chart for M. 
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(ia) M is Hermitiai\_. 

(ib) The Nijenhuis tensor J\f associated with J vanishes, where 

ATiX, Y) := [X, Y] + J[JX, Y] + J[X, JY] - [JX, JY]. (1.3.1) 

(ic) The bundle T^^M is closed under the Lie bracket: [T^'^M, T^^M] C T^^M. 

(ii) M is (1, 2)-symplectic if and only //"(dw)^^ = 0, where (dw)^^ denotes the (1, 2)-part 
ofdu given by 

(dc^)l2(xl^ zoi) = (Vxioc^) z"!)- (Vyoic^) (Vzoic^) yoi^ 

(iii) Every (1, 2)-symplectic manifold is cosymplectic. 

Proof. The equivalence between (ia) and (ib) is the well-known Newlander-Nirenberg 
theorem ( [l38ll : see also l|29ll ). As for the equivalence between (ib) and (ic): A/" = if and 
only if < J\f{X, F), Z >= for all X, F, Z in V{TM). But 

< [X - iJX, Y - iJY^Z - iJZ >=< M{X, Y), Z>-i< Ar{X, Y), JZ > . 

Hence, = ^< [T^^M,T^^M],T^^M >= ^ [T^°M,T^°M] C T^oM and, 
conversely, [T^°M, T^^M] C T^^M = Re < [X - iJX,Y - iJY], Z - iJZ >= 
< A/'(X, Y),Z > ^ A/" = 0, as wanted. The proof of (ii) is direct consequence of (II.2.9I) 
and (1I.3.4I) (see next lemma): 

{duY^ = if and only if dso; = if and only if Vt^imT^^M C T^°M. 

Finally, (iii) follows from the first characterization we gave of (1, 2)-symplectic manifolds 
and from the fact that, on an almost Hermitian manifold (M, g,J), 

(J trace V J) °^ = 4( ^ V^^Z^)"^ (1.3.2) 

3 

where Zj = |(Xj — i.JXj), with {Xj, JXj} an orthonormal frame for TM (|l6l. Lemma 
8.1.2). In fact, assuming that {M,g, J) is (1, 2)-symplectic, we have (Jtrace VJ)°^ = 
^We could replace the word "Hermitian" with "complex". 
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4:J2j(yz,Zj)^^ = since Vz^Zj G T^^M as M is (1, 2)-symplectic. Therefore, 
J trace V J lies in TM and has vanishing (0, l)-part, which by reality implies it must 
vanish and so must trace V J, as desired. □ 

The following result is proved using forms in Il42ll (Proposition 1.3); we give a different, 
more explicit, proof using vector fields: 

Proposition 1.3.3. Let (M, g, J) be an almost Hermitian manifold. Then 

diu = if and only if J is integrable (i.e., M is a Hermitian manifold). (1.3.3) 
daW = if and only ifiduY^ = if and only ifVroiMT^^M C T^^M 

(1.3.4) 

(i.e., (M, g, J) is a (1, 2)-symplectic manifold). 

Notice that there is not a version of this lemma for a general vector bundle V , in contrast 
with Lemmas [1 . 2 . 1 1 and ll . 2 . 2[ 

Proof. Let us start by proving (IL3.3I) : by Proposition lL3.2l (i). we know that J is integrable 
if and only if T^^M is stable under the Lie bracket. Now, if diw = 0, using Lemma 
0:21 we know that Wt^o^T^^M C T^^M and so [X^°, Y^^] = VxioF^o - VyioX^o G 
T^°M which proves the integrability of J. Conversely, if J is integrable, J\f = and 
consequently [T^^M, T^^M] C T^^M so that we obtain 

o = < [xio,ri%zio> 

= < VxioFio, > -yio < Xio, > + < Xio, VyioZio > . 
Since < X^^, Z^^ >= and [1"^°, Z^^] G T^^M, we obtain 

= < VxioFio, > + < Xio, [yio, Zio] + VzioF^" > 
= < VxioFio, > < Xio, > - < VzioXio, > 

= < VxioFio, > - < [Zio, Xio] + Vxio^^°, > 
= < Vxio^io, > -Xio < Zio, > + < Zio, VxioFio > 
= 2 < Vxiorio,Zio > 

which implies that Vxi"^^° G T^°M, as desired. To prove the second statement: from 
Lemma imi we know that dgw = if and only if Vtou/T^^M C T^°M. On the other 
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hand, using (lL23]) . we know that (Vyoiw) (X^o, = for all Z^^ in T^^M, X^o 
in T^oM. Thus, 

(da;)i2 = ^ da;(Xio,roi,ZOi) = 
^ (Vxiou;)(roi,ZOi) - (Vyoiu;)(Xio,ZOi) + (V^oiu;) (X^", yoi) ^ g 
<^ daW = (as in the first part of the proof of Lemma ll.2.21) (^2^1 = 0, 

concluding our proof. □ 



As a consequence of the two previous results, we get the diagram (|32|) 



complex 



Kiihler 

di a; — douj — 



(1, 2) — symplectic 



cosymplectic 
■' trace do a; — 0" 



1.4 The bundle S+M 



If (M, g) is an oriented even-dimensional Riemannian manifold, for each x on M we can 
set E = TxM and proceed as in Section [TT] to define S+T^M. We can then consider the 
total bundle 

S+M = SO(M) Xso(2,n) = sO(M) Xso(2„^) SO(2m)/U(2m) ^ 

whose fibre at x is precisely S+T^M and whose projection map vr : S+M — )• M is 
defined by ti{x, J^) x. This is a subbundle of C(TM, TM) and the connection in the 
latter defines a splitting of TE+M into its horizontal and vertical parts: taking T-Lix.j^) as 
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the set 



a smooth section^ of S+M with 
= <; da,.(X), - } (1.4.2) 

V;,^^ ' V = and cr(x) = (x, J^) 
and V(a;,j^) as the kernel of dn^^^^j^^, we have 

T(,,j,)S+ = H(.,j,)©V(.,j,). (1.4.3) 

For this decomposition, dni^^j^) : T(2; j^)E"'"M — )■ T^M is an isomorphism when 
restricted to 'H(x,Jx)- particular, we can define a complex structure on 'H{x,Jx) by 
transporting the almost complex structure Jx on TxM: 

J^M) = \n d7i(x,Jx) \h- (1-4.4) 

On the other hand, V(x,Jx) is the tangent space to the fibre through (x, Jx) at Jx. Hence, 
V(x,j^) ^ Tj^T,+TxM = mj^{TxM) has the complex structure of Definition EOl 
We can define two almost complex structures J'^ and JT"^ on T(2. j^)S+M: 

= { and JT^ = <^ (1.4.5) 

[ J^^onV [ -J^onV. 

It follows from the above definition that tt is a "holomorphic map", in the sense that 

d7r^x,Jx){J^X) = Jxdn(x,Jx)X, \IXeTT.+M, (1.4.6) 

as on the horizontal space J^^ j^-, is transported from J^ via vr and V(a;,j^) is precisely the 
kernel of d'K{x,Jx)- 

An almost Hermitian manifold (M, g, J) is thus a Riemannian manifold (M, g) equipped 
with a smooth section J of the bundle C{TM, TM) with J^ = —Id and Jx positive at 
each X on M. To each such J corresponds a section aj of the bundle S+Af and we shall 
refer to the latter as the associated section. Similarly, if a is a section of S+M, there is 
a corresponding section J^r of C{TM,TM) and we shall call J^r the almost Hermitian 
structure defined by a. 



^Hence, also a smooth section of C{TM, TM). 
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If a J is a section of S+M with associated almost Hermitian structure J, identifying V(x,j^) 
with Tjj:+TxM, we have (see e.g. [|42l, p. 182)) 

[dajXf = V?™'™) J. (1.4.7) 

More precisely, given such a section aj, 

daj^iXx) = {daj^iX,) - VxJ} © VxJ en®V (1.4.8) 

gives the decomposition of dcrj^ (X^,) into its horizontal and vertical parts. 

Remark 1.4.1. Another way of defining these structures is the following: consider the 
usual canonical isomorphism between C(TM, TM) and C'^iTM, M) given by the metric, 

: £(T,M, T,M) ^ £(T,M x T,M, R) 

(1.4.9) 

Then, A^, G so(Ta^^M) if and only if gx{^x) is skew-symmetric and such a A^. lies in 
mj^{TxM) if and only if, considering the complex bilinear extended map [gxi^x])'^-, we 
have {gx{\x))^{Xl^ ,Y^^) = 0. Equivalently, under the isomorphism ^, 

mj, (T,M) ~ Tf * M © Tf * M. (1.4. 10) 

Hence, we can define J^^ ^ -j as acting as i on T^'^* M and as — i on T^°* M and then define 
JT^ and JT"^ just as before. It is easy to check that both definitions agree. 

Remark 1.4.2. Imagine that we have a vector bundle V on an almost Hermitian manifold 
M. We could then introduce two almost complex structures on S+V, defined as 
before on the vertical spaces but very differently in the horizontal spaces. In fact, we 
could identify each horizontal space 'H(x,Ja:) with TxM but now the only natural almost 
complex structure is precisely the one from M at x, since Jx E S^V^; is not even defined 
over TxM. So, we would get an almost complex structure whose horizontal part "does 
not change along the fibre" and would therefore be in a much more rigid situation. We 
shall come back to this topic in Section HILTI 
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1.4.1 Holomorphic sections of S+M 

The goal of this section is to give a more transparent proof of the following theorem (see 
[|42]| . Proposition 3.2 for the equivalence between (i) and (ii)): 

Theorem 1.4.3 (Holomorphic sections of S+M). Let (M, g) be an oriented even- 
dimensional Riemannian manifold as before and consider its positive twistor bundle, 
S+M. For each local section o of this bundle, the following conditions are equivalent: 

(i) daWcr = 0, where Ua is the fundamental 2-form associated with the almost Hermitian 
structure defined by a. 

(ii) a is a holomorphic map from (M, J^j) to (S+M, where is the almost 
Hermitian structure defined by a on M. 

(iii) a is a J'^-stable map; i.e., da{TM) is a J'^-stable subspace ofTT,^M (see Definition 
\L4J\below). 



The proof of this theorem will be done in several steps. Since some of them are important 
on their own, we shall present them as lemmas. As we already noticed in Remark 11.4. 2[ 
when we deal with the general case of a vector bundle V over the manifold M, there 
is no "canonical" almost complex structure on S+V; however, conditions dacr = still 
arise in a very natural way, as we saw in Section |L3j Indeed, we shall see in Chapter Hill 
that these last conditions are the correct generalization to bundles S+V of the conditions 
jT'^-holomorphicity on the special case V = TM. We begin with a definition that will be 
useful in the sequel: 

Definition 1.4.4. Let (M, J^^) and (Z, J^) be two almost complex manifolds. Let 
be a decomposition of TZ into -stable subbundles; i.e., J'^l-L C "H 



TZ = n 



and J^V C Vi\. We shall call such a decomposition into stable subbundles a {J -)stable 
decomposition. Let : M — )■ Z be a smooth map. We shall say that is H-holomorphic 



^Equivalently, J^U = H and J^V = V. 
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(or ( J^^, J^)-horizontally holomorphic) if 

(d^(J*^X))'^ = J^(dV^X)^, yXeTM. (1.4.11) 

Changing to V in the above equation gives the definition for "tp is V -holomorphic'' (or 
( J*^, J^) -vertically holomorphic). 

A smooth map : M — > Z is holomorphic if and only if it is both H and V-holomorphic 
for some, and so any, stable decomposition TZ = "H © V. Taking Z = S+M, the 
decomposition TS+M = "H © V is stable for both the almost complex structures and 
J''^ on S+M, from their very definition. 

Lemma 1.4.5 (Horizontal holomorphicity of any section of S'*"M). Let a be any local 
section ofE^M. Then, a is always (J^, J^'^) -horizontally holomorphic, a = 1,2, where 
Jcr is the almost complex structure defined by a on M ( more precisely, on the open set lA 
ofM where o is defined). In other words, 

(d(T(J,X))^ = J^^'"(d(TX)^, VX G TM, a = 1, 2. (1.4.12) 

Proof. Let a be a smooth section of S+M and x G M. Since the horizontal part of J°- 
does not depend on a = 1, 2, we can just write J'^. Since ^-nai^x) vanishes on the vertical 
space, we have d7r^(^)|^((d(j^X^)^) = d7r^(^)(da^X^) = d(7r o (j)xXx = for all 
X^eT^M so that 

(d(Ta;(J<7^X^)) = (illa(x)\H{(^T^cT{x)\H 

(da,(J,,X,))") =d7r. 

On the other hand, 

J^(dcr^X^)^ = d7r^(^)|^^(j^^d7r^(^)|^(dcr^X^.)^) = d7r^(^.) |:^^( J^^X^.) . 
Hence, equation (II.4.12I) holds, as desired. □ 

Lemma 1.4.6 (Vertical jT^-holomorphicity of a section and vanishing of d^). Let a be a 

smooth local section ofJ^^M. Then, a is (J^, J^"^) -vertically holomorphic if and only if 
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daUJa = 0, where uj^ denotes the fundamental 2-form associated with the almost complex 
structure J^; i.e., 

{da{J^X)f = J^'^'idaXf, VX G TM, a = 1, 2. (1.4.13) 

Notice that, using (II.4.5I) . (II.4.7I) and (II. 1.51) we can rewrite equation (II.4.13I) as 

Vjx J = (-l)"+VVx J, VX e TM, a = 1, 2. (1.4.14) 

Proof. Equation (II.4.13I) holds if and only if for each x on M, {da^X^^'-^^y G V^°'". On 
the other hand, we know that (dcr^X^°)^ = Vx^oJ^ and that under the isomorphism g in 
(ITA91) . it will belong to V^°'" if and only if it belongs to T^^* M (if a = 1) or to r|°*M 
(if a = 2), where the decompositions are relative to the almost Hermitian structure J^. 
Hence, in the case a = 1 we have 



(A, always true) 



a is vertically holomorphic if and only if ( V^io J^) G T^'^* M 

< (Vxio Z> = - < (Vxio J)^, Y > 

< (VxioJ)r 10,^01 > = 

< (VxioJ)rio,Zio > = 

^ < (Vxio Z^^ >= ^ d\uj^ = ^ diw^ = 0, 

where we have used 

< (VxJ)Y, Z > = X < JY,Z > - < JY, VxZ > - < JVxY, Z > 

(1.4.15) 

= {VxiOj){Y,Z). 

Thus, we are left with proving the equations in (A). We could argue that these equations 
are always true since VxJ belongs to Tj^{T.~^Tj:M) (see (II.4.10I) ) or we can just check it 
directly: as a matter of fact, for all X, Y, Z in T(T^M), 

< {VxJ)Y, Z> = < VxJY - JVxY, Z > 

= -X <Y,JZ > + <Y, JVxZ > + 
+X <Y,JZ > - <Y, VxJZ > 

= - < r, {VxJ)z >, 
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since (JZ' 



iZ^^). For the case a = 2, we have 



a is vertically holomorphic if and only if giV x^^'Ja) ^ T^^* M 
< (Vxio J)F, Z> =-< {Vx^oJ)Z, Y> \ 



(B, always true) 



^ < < (VxioJ)FO\Zio > = 
< (VxioJ)roi,ZOi > = 



^ < (Vxio J)F°\ >= ^ dlu^ = ^ daCJa = 0. 



We can then prove (B) using similar arguments to those used to prove (A), concluding the 



We are now ready to prove Theorem lL4.3[ 

Proof of Theorem \I.4.3\ Since we are dealing with sections of the bundle S+M, they 
are always "H-holomorphic, by Lemma IL4.5I Hence, given a section a, it will be 
{Ja, i7") -holomorphic as a map M — > S+M if and only if it is vertically holomorphic 
which, using Lemma ll.4.6[ is equivalent to the condition daCOa = 0. Therefore, (i) and 
(ii) are equivalent. If (ii) holds, a is a J'^-holomorphic map and therefore jT^-stable; 
consequently, (iii) is satisfied. Conversely, let us prove that (iii) implies (ii). 

Suppose then that we have a ^/'^-stable smooth section a. As a is a section. Lemma IT.4. 51 
guarantees that it is 'H-holomorphic. Hence, we are left with checking that ^/"-stability 
implies J'^-vertical holomorphicity. We know, since a is jT^-stable, that for each vector 
= J„X^ e T^M there is a new vector Z^ e T^M such that J^^da^Y^) = da^Z^. On 
the other hand, since a is 7/ -holomorphic, {dax{JaXx))^ = J^ida^Xx)^. Therefore, 



J'^{da,{J,X^)) = da^{Z^) J^ida.iJM)'' = (dcr^Z,)^ 
^ i-da,X,)^ = (da^Z,)^ 

d7r^(^.)|^^(d7r^(^.)(do-3;(-X3;))^) = d7r^(^.)|^^(d7r^(^.)(dcrZ^)^) 

(as d7r^(^)|^ is an isomorphism) dIdA/^(-X^.) = dIdA/,(^:r) ^ X^ = -Z^ 

and consequently J''^{dax{JaXx)) = dcra;(— X^.) = J'^.J^da^X so that da^iJaXx) = 
J'^da^Xx, as desired. □ 



proof. 



□ 



we have 
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Remark 1.4.7. Notice that it is very important that we are dealing with sections of this 
bundle: this is what allows us to deduce the horizontal holomorphicity and consequently 
establish vertical holomorphicity only knowing jT^-stability. 

From Theorem II.4.3I and Proposition IL3.3[ we deduce the following characterization of 
Hermitian and (1, 2)-symplectic manifolds (see (421): 

Proposition 1.4.8 (Types of manifolds and jT^-holomorphic sections). Let 

(M, g, J^^) be an almost Hermitian manifold and consider its twistor space S+M. 
Consider the section aj associated with the almost complex structure J^^ . Then: 

M is Hermitian if and only if Oj : M — )■ Yf^M is {^J^j^ J^)-holomorphic. (1.4.16) 

M is (1, 2)-symplectic if and only ifaj:M^T,~^M is {JaiJ'^) -holomorphic. 

(1.4.17) 

Notice that, as any section is "H -holomorphic (Lemma II.4.5I) . we only need to be 
concerned with V-holomorphicity. The latter condition can be expressed as (II.4.14I) : 

VjxJ = {-iT^^JVxJ, VXgTM, a = 1,2, 

so that J is integrable if and only if V jxJ = J^x-J, VX G TM and (1, 2)-symplectic 
if and only if V ^ = - JVx J, V X G TM. 

Theorem HAS] also allows an immediate proof of the following well-known fact (see (611, 
Theorem 7.1.3 (iii), p. 209): 

Corollary 1.4.9. There is a one-to-one correspondence between locally defined 
(integrable) Hermitian structures on M and complex submanifolds of{T,^M, J^) which 
are diffeomorphically mapped onto M via the projection map tt. 

Proof. Proving this result based on our previous discussion is easy: it is obvious 
that each integrable structure J gives rise to a submanifold of S+Af that is mapped 
diffeomorphically by tt into M: take aj to be the corresponding section and ojiU) (and 
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conversely). Moreover, since J is integrable if and only if ctj is (J, ^7^)-holomorphic, it 
is obvious that these submanifolds must be -stable. Finally, since J is integrable and 
a J holomorphic, its image must be a (complex) submanifold on which the restriction of 
is integrable. □ 

Notice that, in general, J'^ is not an integrable complex structure on S+M; however, when 
we refer to "complex submanifolds" we are indeed claiming that we have a submanifold 
on which (the restriction of) is integrable^. 

Moreover, this same result does not hold for the J''^ case. As a matter of fact, we can still 
say that there is a one-to-one correspondence between almost complex submanifolds of 
(S+M, JT"^) which are diffeomorphically mapped into M and (1, 2)-symplectic structures 
on M but now we cannot deduce that these submanifolds are complex submanifolds of 
(S+M, J"^): they are just the image under a holomorphic map of a (1, 2)-symplectic 
manifold. 

1.5 The bundle E+y^ and the Koszul-Malgrange 
Theorem 

In the sequel, we shall construct the bundle T.^V 

S+V = SO(V^)xso(c,2fe) GUC') 

for a given vector bundle V over an almost complex manifold M. In addition, we shall 

introduce, under special circumstances, a complex structure on such a bundle. In this 

chapter we discuss those circumstances and the importance of the Koszul-Malgrange 

Theorem ([30], Theorem 1). In Chapter |Vl a parameter-dependent version of this last 

result will be necessary and we therefore start by establishing such a generalization. 

"'in fact, J'^ is integrable on S+Af^™ if and only if A/^'" is conformally flat (m > 3) or anti-self-dual 
(m = 2). As for J^, it is never integrable. For more details, see fS), ll39ll . Il42l : a discussion on this topic 
can also be found in e.g. lfT2l and references therein. 
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1.5.1 Parametric Koszul-Malgrange Theorem 

In what follows, G will denote a complex Lie group with q its Lie algebra and M a 
complex manifold with complex dimension m. Given a g-valued 1-form a on M we 
shall say that a is of type (0, 1) if ai^dz^) = for all 1 < i < m. We shall denote by 
da°^ the g-valued 2-form obtained by restriction of da to T°^M x T°^M; in other words, 
da°2 : to^M X T^^M g, da°^{d,^,d,^) = da{d,^,ds^). We wish to find a (locally 
defined) function f : M G with 

/(^o) = e and /-Mf 1 = a (1.5.1) 

where d/°^ is the restriction of d/ to T°^M. The usual Koszul-Malgrange Theorem ( [|30ll . 
Theorem 1) tells us that a solution to equation (II.5.1I) exists if and only if 

da°2 + [a, a] = 0. (1.5.2) 

We establish the following parametric version of this result: 

Theorem 1.5.1 (Parametric Koszul-Malgrange Theorem). Let F be a (real) vector space 
and let Fq be any subset ofF containing its origin. Let a be a smooth Q-valued (0, l)-form 
on M defined on an open set A C Fq x M containing (0, Xq) (i.e., a{t, x) G C(T^^M, q) 
and a is smooth in (t, x)). Then, there is a smooth solution f(t, x) : V C Fq x M — )• G 
on a neighbourhood V C A containing (0, xo) to the equation 

/-M/f=a,, Vt (1.5.3) 

for the initial conditions ft{xo) = e Vt if and only if 

da^t^ + [at, at] = Vt. (1.5.4) 

For a proof, see Section IA.4I Our proof of the existence of a holomorphic structure on 
the principal bundle SO(y^) will depend on the existence of orthonormal holomorphic 
frames. This in turn depends on the existence of solutions to a certain system of 
differential equations, which can be guaranteed by the Koszul-Malgrange Theorem, as we 
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shall see. Suppose, then, that V is an oriented even-dimensional Riemannian real vector 
bundle with rank 2k over a manifold M and form the complexified bundle, V'^ — V <^ C. 
We can then consider the bundle 



where C^'^ has metric induced from M^*^ by complex bilinear extension and preserving 
orientation means that, choosing the canonical basis {ej}j=i_,.._2fc for and another 
orthonormal oriented basis {t/j}j=i,...,2fe for K;, the determinant of the matrix of in 
these basis equals 1. 

SO( y"-^) is a principal bundle over M with group SO(C, 2k) in the natural way. 
Trivializations are given as usual: for x e M, take {ei}j=i^...^2fe and {t/j}j=i,...,2fe as before 
and 

r/ : -R-^iU) ^Ux SO(C,2A;) 

(x, A-r) {x,M.{\x, Cj, Xj) :— matrix of A-^ with respect to the basis {cj}, {Uj}), 

where tt : SO(y^) — >^ M is the canonical projection, tt{x, \x) = x. Of course, we could 
have done the exact same construction without imposing that V be even-dimensional but 
that will be the case that will interest us in the sequel. 

1.5.2 The Koszul-Malgrange Theorem and the existence of 
holomorphic orthonormal frames 

Let us start by stating our problem to show why the Koszul-Malgrange Theorem is 
important. We have seen that a differentiable structure can be introduced in the bundle 
80(1^*^) defining coordinates on this bundle by 



where is a chart for the manifold and \ij{x) are the entries of the matrix of A^; with 
respect to suitable bases {cj}, {Uj}. However, even when M is a complex manifold, we 




a; e M, A^ : -^V^,\ C-linear 
and preserves metric and orientation 



> 



(x, A^) -)■ {ip{x),\ij{x)) 
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cannot be sure that we get a system of holomorphic charts for our bundle just by requiring 
</? to be a holomorphic chart for the manifold. Suppose, however, that M is a complex 
manifold and that around each point z e M we. can choose a positive orthonormal frame 
for V such that 

In that case, choosing a system of charts for SO(y'^) as before, we shall get a holomorphic 
structure for our bundle. Indeed, if rj^p^u — Uj) and rj^^^w — (V'^ Wj) two such 
charts (i.e., (p and are holomorphic charts for M and {Uj}, {Wj} are two orthonormal 
positive frames with vanishing S^. covariant derivatives), then the transition map ri^,Uj ° 
%^wj - UQV^x SO(C, 2A;) ^ V X SO(C, 2k) is given by 

Now, (/7o^~^ is holomorphic and Ay (2;) = X^fcAjfe < Uk{z),Wj{z) > is also holomorphic 
as a function of \ij as well as as a function of z since 

d,, < Uj{z), Wk{z) >=< WlUj, Wk> + < Uj, WlWk 0. 

Hence, if we can guarantee the existence of such local frames, SO(y^) will become 
a holomorphic bundle over the complex manifold M. Now, let us see how to use the 
Koszul-Malgrange Theorem to get these frames. Let M be a complex manifold and fix a 
local orthonormal and positive frame {Wi} of V around a point zq G M. We want a new 
frame {Uj} for such that < Uj, >= 5jk and Uj = 0. Let Uj = UjiWi and 
define T'l^ by 

n 

Since our frame {VFm} is orthonormal we have 

=< ^d,Wm, W^n >= - < Wr^, Va,Wn >= -^Z- (1-5.5) 

With this notation fixed, the problem of finding our suitable frame {Uj} transforms into 
that of finding complex functions Uj^ defined around Zq for which 

< S UjmWm, UkvWn >= 5jk, equivalently, Y.mn UjmUkm = Sjk and 

( Em UjmWm) = 0, Cquivalcntly d,^U,r. + Em UjmTtm = 0- 
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In matrix notation, we can rewrite the above equations as 
U -U^ =ld and 

(1.5.6) 

Hence, writing a = — J2i Tidzj, we are precisely under the conditions of Theorem II.5. II 
(non-parametric version) where the group under consideration is SO(C, 2k) (see (II. 5. 51) ). 
Thus, a solution to our system of equations exists if and only if 

d'Md,.,d,,) + [a{d,,),a{d,^)] = 

^ -d,T, + d,Ti + r, ■ r,- - r, ■ r, = o. 

If ^ (i.e., RviT^^M, T^^M) = 0), we can deduce 

^ 9,.(r,)^ + (r,r,)- - d,^{T,)i - (r,r,)^ = o 

^ d,V, - d,Vi + T^Vi - T,Tj = 0, 
so that we can, indeed, obtain such an orthonormal holomorphic frame for V'^. 

Remark 1.5.2. From Theorem II. 5. II if V is, as above, a smooth oriented Riemannian 
vector bundle over / x M, / open interval around the origin of M, we can do a similar 
construction to the above for each t, provided Ry^ = for each t. Moreover, if we 
are given a smooth orthonormal frame W{t, z) we can again obtain a new smooth frame 
U{t, z), with Ut{z) = Uit, z) orthonormal for all t and with V^l^t/t = 0. 

Remark 1.5.3. If we do not know anything about the metric or orientation but only the 
condition on the curvature, a similar argument shows that there exist (local) frames for 
which Vg_ Uj = 0, now not necessarily orthonormal (the group will simply be GL(C, 2k) 
as r will not necessarily verify (II. 5. 51) ). Moreover, notice that we did not use the fact that 
V is even-dimensional: we are only stating everything in this particular case as it will be 
our main interest. Hence, we get the usual version of Koszul-Malgrange Theorem: 
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Theorem 1.5.4. ( Il30l ) If V is a complex vector bundle over a complex manifold M with 
connection such that Ry' = then V is a holomorphic vector bundle for the complex 
structure induced by the condition 

a section U ofV is holomorphic if and only if'V^_ U = 0. (1.5.7) 

1.5.3 The holomorphic bundle SO{V^) 

From the previous discussion, we can state the following result: 

Proposition 1.5.5 (Existence of holomorphic orthonormal frames). Let M be a complex 
manifold and V be an oriented even-dimensional Riemannian bundle. Consider the 
complexified bundle with connection and metric obtained from those on V by C- 
bilinear extension. Then, if = 0, there is (locally) an orthonormal frame Ui, ...,U2k 
for V""-" such that 

^lU, = 0, V2,j. (1.5.8) 

Moreover, the same holds in a parameter-dependent bundle: if = for all t, V 
bundle over I x M, there is a smooth orthonormal frame Ui{t, z), U2k{t, z) for 
with equation (|I.5.8I) verified for each t. 

Proof. As before, at each (t, z) , we take any local orthonormal and positive frame {VTm,*} 
of V and define T"^* by 

n 

Since our frame {VF™,,*} is orthonormal, equation (|I.5.5I) 

TL* =< ^a-.W,^,u W^"'* >= - < W,n,u Va-.Wn,t >= -C'* 
is satisfied for each t. On the other hand, Ry^ = for all t implies that 

d,T]-d,Tl + T]Tl-TlT] = 0. 
Thus, writing at = — Tidzj, a is so(C, 2A;)-valued and satisfies (II.5.4I) 

da°^ + [at, at] = 
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for all t. Hence, using Theorem 11.5 .11 a smooth solution to (compare with (|L5.6I) ) 

i i 

exists in SO(C, 2k). Letting Uji^t denote the entries of Ut, we can define a new smooth 
frame of V'^ by Uj^t = Xl; Uji^tWi^f This new frame satisfies (IL5.8I) and therefore 
concludes our proof. □ 

Proposition 1.5.6 (Holomorphic structure of the bundle SO(y-')). As before, let M be a 
complex manifold and let V be an oriented even-dimensional Riemannian vector bundle 
over M with Ry' = 0. Then, SO( V-") has a canonical structure as a holomorphic bundle 
over M. 



More generally, if V is an oriented even-dimensional Riemannian vector bundle over 
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I X M with Ry' = Ofor all t, then SO(y^) has a canonical structure as a smooth bundle 



over I X M for which each SO(V"j ) is a holomorphic bundle over M. 

Proof. We define charts for our bundle which are smooth in (t, z) and holomorphic in z 
in the following way: take a point (t, z) on M. Around that point, take a complex chart 
(W, ({>) for M and, if necessary reducing / and U, take {?7j,t} the smooth frame constructed 
in the previous proposition. Define, as before, 

f] : Ti~^{U) ^ / X X SO(C2'=) 

(1.5.9) 

{t,z, Xi)^{t,ip{z),M{Xi,e,,Ut,,)) 

Then, these charts give a smooth structure to SO(V'^) and, for each fixed t, a holomorphic 
structure to SO(V'^), as we have seen in the previous section. □ 



1.5.4 The bundle S+V 

Let V be an oriented Riemannian vector bundle over a complex manifold M with rank 
2k. On each Vx, define S+K as in Section |LT] and then define the fibre bundle S+V over 
Mas 

E+V^ := SOiV) Xso(2fe) SO{2k) /V{2k). (L5.10) 
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The fibre of T^^V at x is S^\4 and the projection map vr : S+y — M is defined by 
7i{x, Jx) X. This is a subbundle of £(V, V) and the connection in the latter allows a 
splitting of TS+l^ into its horizontal and vertical parts as in the case V = TM. 

In Section IT. 1 . 1 [ we have seen that at each point x E M, — Gl^^iV,^). Hence, we 

have a natural identification between S+ V and Gf^^iV'^), 

GUV'') = SO(\/^) Xso(c,2fc) (1-5.11) 

On the other hand, in Section II.5.3[ we have seen that a complex structure can be 
introduced on SO(y'') as long as Ry = so that a complex structure can be given, in 
that case, to Gf^^iV'^). Moreover, as we shall see, this structure is such that, identifying 
each almost Hermitian structure on Vx with the corresponding (1, 0)-subspace, of 
a section is holomorphic if and only if 

V^oiS^° C VX°^ e T°iM. (1.5.12) 

More precisely, we may state the following 

Theorem 1.5.7 (Koszul-Malgrange complex structure on S+V). Let M^™ be a complex 
manifold and V an oriented even- dimensional Riemannian vector bundle whose curvature 
tensor has vanishing {0,2)-part. Then, S+V" can be given a unique structure as a 
holomorphic bundle such that a section is holomorphic if and only if (11.5. 121) is 
satisfied. 

More generally, if V is an oriented even-dimensional Riemannian vector bundle over 
I X M with Ry = Q for all t, then S+V has a canonical structure as a smooth bundle 
over I X M for which each H'^V is a holomorphic bundle over M. 

In particular, under the conditions in Theorem II.5.7[ S+l^ is an (almost) complex 
manifold. We shall call this (almost) complex structure the Koszul-Malgrange structure 
and denote by (S^V, J^^^) this (almost) complex manifold. 

We shall prove the non-parametric version of the above result, since the general case 
follows with the appropriate modifications. Before that, we state a lemma that clarifies 
equation (II.5.12I) : 
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Lemma 1.5.8. As before, let V be an oriented Riemannian vector bundle over a complex 
manifold M with R'y = 0. Then, given a smooth subbundle F of 

Vd,F<ZF (1.5.13) 

if and only ifF can be locally given as span{[/i, with Vg^ Uj = 0. 

Proof. The "if part is obvious. As for the "only if part, we shall once again make use of 
Theorem II.5 . 1 1 (non-parametric version): suppose that F satisfies (|I.5.13I) : we then know 
that there are T^j with Va.Wj = T^jWh for any local frame {Wi, Wn} for F. As 
in Section ir.5.2[ since R'y = 0, we can guarantee that there is a solution to the system of 
equations U^^dzJJ = — Fj, U G GL{C,n). Hence, taking Uj = UWj is easy to check 
that Va^. Uj = as required. □ 

Proof of Theorem 17. 5. 71 We have seen that SO(V^) can be given the holomorphic 
structure characterized in the following way: given z E M, fixing a orthonormal 
frame {f/j}j=i^...^2fe of V'^ with Vg^Uj = then a section z — )■ (-2, A^) of SO(V^) is 
holomorphic if and only if Ai{Xz, Cj, Uj) is holomorphic. On S+V" = Gj^^iV^) we have 
the holomorphic structure given by the construction 

SO(\/^) Xso(c,2fc) GUC'') 

so that a section z — )■ (z, of Gf^g{V'^) is holomorphic if and only if it admits a 
holomorphic lift to SO(l^^) x SO(C, 2k): notice that we have the following holomorphic 
projections: 

SOiV^) X GUC'') ^ GUV^) 

{{z,K) , F) ^{zAzF) 
SO(\/^) X SO(C, 2k) ^ G+oiV^) 

{{z,Xz) , /3) ^ (z, (A, o /3)Fo) 

where Fq is as in the proof of Proposition II. 1.51 Hence, is holomorphic if and only if 
it is spanned by some Wj{z) = (A^ o (3z)fj with z — )■ {z, A^), z ^ (3^ holomorphic and 
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Fq — span{/j}, /j = e2j-i — ie2y Now, we can easily check that V^^. = as we 
have 

^ (since ^J) = Er < /^-^/j' > ^r) dzAT^r < ^zfv >< K^r, Uj >) = 0, 

which is trivially true as /3z is holomorphic as well as M.{Xz,ei,Uj). From the preceding 
lemma, the result follows. □ 
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Chapter II 

Harmonic and pluriharmonic maps. 
Harmonic morphisms 



In this chapter we quickly review some of the main concepts that we shall need in 
subsequent chapters. Namely, the concepts of harmonic and conformal maps as well 
as some of their natural generalizations and particular cases are introduced and analyzed 
(Sections III. II and III.2I) . We pay particular attention to the case of maps defined on a 
Riemann surface^. Finally, in Section III.3I we recall the notion of harmonic morphism as 
well as some fundamental properties of this special class of harmonic maps. 



II. 1 Conformal, pluriconformal and real isotropic maps 

Definition II.l.l {(Weakly) conformal map), (see ^) Let : M — be a smooth map 
between two Riemannian manifolds M and A^. Then, ip is said to be weakly conformal at 
X e Mif there is A^; G M with 

< d(^,X, dyp,F >= A, < X, F >, VX, Y e T^M. (II.l.l) 

'By a Riemann surface we mean an oriented two-dimensional manifold equipped with a conformal 
structure (i.e., a class of conformally equivalent metrics; see Section IA!21 for further details) so that a 
complex structure is well defined on AP. 
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led 
(of 



Taking X = Y shows that > so that there is A^^ > with = A; A^^ is ca 
the conformality factor (of Lp at x). If A^, ^ then x is said to be a regular poin^ 
Lp) and the map ip is called conformal at s. If A^; = then dipx = and x is called a 
branch point. Moreover, a map which is conformal (respectively, weakly conformal) at 
all points s G M is said to be a conformal map (respectively, a weakly conformal map). 
A conformal map is always an immersion and, in the case A^ is constant, it is called a 
nomothetic immersion (or a homothety when Lp is also a diffeomorphism). Finally, when 
= 1 v/e get a Riemannian or isometric immersion (or an isometry when (p is also a 
diffeomorphism) . 



A weaker condition than that of conformal map is the following (see MM, 114011 ): 

Definition II.1.2 ((Weakly) pluriconformal map). Let ip : M^™ — )■ A^" a smooth map 
from an almost Hermitian manifold M^™ to a Riemannian manifold A^" and consider at 
each point x G M its complexified derivative, dipx '■ T^M — )■ T^^^-^N. We say that (p is 

■ip{x) 



weakly pluriconformal at x if d(px{T^^M) is an isotropic subspace of T'^,-.N: 



< dip^X^'^, d(^^y^° >= 0, VX^°, G T^^M. (II.1.2) 

If dv?! is also an injective linear map we shall say that (p is pluriconformal at x. In 
addition, a map that is weakly pluriconformal (respectively, pluriconformal) at all points 
X G M is called a weakly pluriconformal map (respectively, a pluriconformal map). 

Remark II.1.3. (i) If M and A^ are almost Hermitian manifolds, any holomorphic 
(respectively, anti-holomorphic) map ip : M N h (weakly) pluriconformal as it maps 
Ti°M to T^^N (respectively, to T^^N). 

(ii) If (p : — )■ A^" is a map from a Riemann surface M^, the concepts of conformal 
(weakly conformal) and pluriconformal (weakly pluriconformal) map coincide. However, 
in higher dimensions, conformality implies pluriconformality but not conversely. In fact. 



^More generally, given any smooth map ip : M N,we shall always refer to points x G M for which 
dipx 7^ as regular. 
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if (y9 is conformal then 

< dip{X - iJX), d^{Y - iJY) > 
= X < X,Y > -X < JX,JY > -i{X < JX,Y > + < X,JY >) = 0, 

which shows that (p is (weakly) pluriconformal (see also comment (iii) below). To 
show that the converse is false, consider the holomorphic (and therefore pluriconformal) 

map (p{zi,Z2) = {zi,Zi.Z2), that in real coordinates is given by X2, X3, X4) = 

(xi, X2, xiXs — X2X4, 0:1X4 + X2X^). Now, < dipxCi^difxe^ >= X1X3 + X2X4 which is, 
in general, nonzero and therefore cannot be written as A^^ < ei, 63 >= 0, showing that 
is not conformal. 

(iii) If M is a complex manifold, a map Lp : M ^ N is pluriconformal if and only if it is 
conformal along each complex curve in M {i.e., a one dimensional complex submanifold 
in M); this is sometimes taken to be the definition of pluriconformal map, e.g. [|40ll . 

Real isotropic maps will play a crucial role in what follows. We start by recalling the 
definition of such maps defined on a Riemann surface (see lfT9l . iHTll . [l42ll '): 

Definition II.1.4 {Real isotropic map from a Riemann surface). Let if : — )■ A^'^ be a 
smooth map from a Riemann surface. Then is said to be real isotropic if 

<dl^,dl^>=Q, Vr,s>l (II.1.3) 

where dl^p = '^d^{dl''^^) so that, for instance, d1(p = Vd^dz^ = Vd(p{dz,dz) (as 
V^ldz = 0). 

In particular, a real isotropic map from a Riemann surface is (weakly) conformal since 
putting r = s = 1 in (|II.1.3I) gives 

<dz^,dzip>=0, (II. 1.4) 

which implies (III.l.ll) . 

A stronger property (Proposition IA.3.21) than that of real isotropy is complex isotropy: 
given a Kahler manifold and a smooth map : N, Lpis called complex isotropic 
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(see m, m) if 

< VJ.^S.^V, VJ-\5,1V >Herm= 0, Vr, S > 1. (II.1.5) 

Here, < u,v >Herm=< u,v > (and the latter is, as before, obtained by complex bilinear 
extension of the usual metric) and dl^(f (respectively, dl^^p) denotes the (1, 0)-part of 
dip{dz) (respectively, of dLp(dz)) (for more on real and complex isotropic maps from a 
Riemann surface see Section |A3]) . 

We generalize the concept of real isotropic map for maps defined in arbitrary Hermitian 
manifolds: 

Definition II.1.5 (Real isotropic map). Let : M'^"^ N he a smooth map from a 
Hermitian manifold M^™. We shall say that (p is real isotropic if 

< V'fJ^.dipiT'^M), V^ToMdy^l^'"^) >= 0, Vr, s > 1, (11.1.6) 

where (V°d^)(XiO) = d^{X^^), 

(V^„d^)(XiO) = (Vd^)(r/o,XiO) = Vyw(d(/^XiO) -dv;(VyioXiO)2and, 
recursively 0, 

(V^^.o yMiX'') = (Vdv,)(F/o,...,F,io,XiO) 

= Vyio (V^-Myp(F2, X)) -V^-M(^(Vy^ioy2'0,...,XlO) 

-...-v-Mv.(r2^...,VyioXio). 

Introducing complex coordinates {zi, Zm) on M, equation (III. 1.61) is equivalent to 

< 9\+-t:-^,n+-+r¥^ >= 0, V(zi,...,^J,(ji,...,jJ wiihY,^k.Y.3k > 1- 

.. .Zfn Z-^ ... Zffi 

(II. 1.7) 

Putting m = 1 in (in.1.71) . it gives (III. 1.31) . In particular. Definitions III. 1.51 and III. 1 .41 agree 
when m = 1. 

We now turn our attention to totally umbilic maps. The following definition can be found, 

for example, in ll42]| : 

^Notice that, since M is Hermitian, VyioXi" e T^^M for all X^°, Y^^ e T^°M. 
^This is just the usual connection induced from the Levi-Civita connection. 
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Definition II.1.6 (Totally umbilic map from a Riemann surface). Let ip : N he a 

smooth map from a Riemann surface M^. We shall say that z G is an umbilic point 
(of if) if {dz^{z), d'^(f{z)} is a C-linearly dependent set. If : — )■ is such that all 
points z G ]VP axe umbilic, we shall say that (p is totally umbilic. 

We can also generalize this notion to an arbitrary almost Hermitian manifold: 

Definition II.1.7 (Totally umbilic map). Let p : M^™ N he a smooth map from an 
almost Hermitian manifold M^™. We shall say that x E M^™ is an umbilic point (of cp) if 

Vd(^^(T^°M,T^°M) C dip^{T^^M). (IL1.8) 

If p is such that all points x E M^™ are umbilic, p is said to be totally umbilic. 

In the case m = 1, (|II.1.8I) is equivalent to requiring {d'^p, dzp} to be linearly dependent 
so that both Definitions III. 1 .61 and III. 1 .71 agree in this case. 



II.2 Harmonic maps 

Given two Riemannian manifolds (M, g) and (A^, h), a smooth map p : M N is said 
to be harmonic if it satisfies r{p) = 0, where r{Lp) = trace Vdp is the tension field of p 
and Vdp is the second fundamental form of cp ( IfTSl ). Variationally, harmonic maps are 
critical points for the energy functional 

E{p) = i lldv^f (a;)d^M(x), (II.2.1) 

where D C M is compact, \\dp\\ is the Hilbert-Schmidt norm of dp and hm is the 
measure on M induced by the metric g (see, e.g., [fT6l ). Indeed, for a 1-parameter variation 
{v^t} of a smooth map po supported in D,we have 

> {x)dfiMix). (11.2.2) 

t=o 



dt 
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For example, when N = 'R the energy functional reduces to the Dirichlet integral and a 
smooth function / : M — t- M is harmonic if it satisfies Laplace's equation: Af = 0; i.e., 
it is a solution of the equation 

^ ^dxidxj ^^^dxk^ ^' (11.2.3) 

The following is a well-known result (see, for example, p. 85) characterizing 
harmonic maps from a Riemann surface: 

Proposition II.2.1 (Harmonic map from a Riemann surface). Let Lp : N be a 

harmonic map from a Riemann surface to a Riemannian manifold N. Then, ip is 
harmonic if and only if 

VdA^ = 0. (II.2.4) 
In particular, the concept of harmonic map on a Riemann surface is well-defined. 



Notice that V is the Levi-Civita connection associated to any metric within the conformal 
structure of {M,g) (see Section lAT2l for more on conformal structures). Note that, 
given a one-dimensional complex manifold M, any two Hermitian metrics on M are 
conformally equivalent and, from the above, as harmonicity does not depend on the choice 
of metric within a conformal class, it makes sense to speak of harmonic map from a one- 
dimensional complex manifold. 

Recall that an embedded or immersed submanifold of N"' is said to be minimal if 
jji^ = 0, where yU*^ = ^ trace B denotes the mean curvature of M and B the second 
fundamental form of M given by B(X,Y) = (Vx^)"*"- The following is well-known 

(my. 

Proposition II.2.2 (Harmonic maps and minimal submanifolds). If M C N is a smooth 
manifold then M is minimal if and only if the inclusion map is harmonic. More generally, 
if If : M ^ N is a Riemannian immersion, Lp is harmonic if and only if the immersed 
submanifold <f{M) is minimal. 
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In the special case of a conformal map : — )■ N from a Riemann surface into 
A^, we can take the pull-back metric ip*gN on M^, that belongs to the conformal structure 
on and makes ip a Riemannian immersion. Hence, v^(M) is a minimal submanifold if 
and only if (p is harmonic. 

When = S*^, any harmonic map : S"^ ^ is automatically weakly conformal 
(see e.g. flU); in particular, it defines a minimal submanifold at regular points. This result 
can be improved when A^" is also a sphere (more generally, a space form) or the complex 
projective space (more generally, a complex space form): in that case, every harmonic 
map is real isotropicP (e.g. [42], p. 190 for the first case and [[T9l for the second). 

II.2.1 Pluriharmonic and (1, 1) -geodesic maps 

We now turn our attention to a particular class of harmonic maps: 

Definition 11.2.3 ((1, l)-geodesic map), (see P- 254) Let ip : (M, J^^) ^ iV be a 
smooth map from an almost Hermitian manifold into a Riemannian manifold. Then, (p is 
said to be (i , i )-geodesic if 

(V dip){Y^^, Z°i) = 0, Vr^° G T^°M, Z^^ e T^^M. (II.2.5) 

(1, 1) -geodesic maps are harmonic as, for any X E TM 

= VdifiX - iJX, X + iJX) = VdifiX, X) + Vdip{JX, JX) 

so that on choosing an orthonormal frame {Xj, „ for M^'" we see that 

trace Vd^p = 0. 

When (M, J) is a complex manifold (not necessarily endowed with a metric), it also 

makes sense to speak of pluriharmonic maps as those for which their restriction to any 

complex curve on M is harmonic (see comments to Proposition lII.2.11) . When (M, g, J) is 

^More precisely, when the codomain is a complex space form, any harmonic map (p : S'^ ^ N is 
complex isotropic (and therefore, also real isotropic). 
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Kahler, the notions of pluriharmonic and (1, l)-geodesic maps coincide (see Proposition 
IA.2.4l and Corollary IA.2.61) and imply harmonicity. 

Let (A^, g, J) be an almost Hermitian manifold. An almost complex submanifold M of 
is said superminimal if J is parallel along M (|l6l, p. 223): 

V^J = 0, VX G TM. (II.2.6) 

Superminimal submanifolds are minimal (see [6], p. 224): ii l : M ^ N denotes the 
inclusion map, Vd6(X, JY) = JVd6(X, Y) from which we can deduce trace Vdi = 
0. Notice that equation (III.2.6I) is stronger then imposing that (M, g, J) be a Kahler 
submanifold of {N,g,J), as we require the total co variant derivative of J along M, 
V^j^,jJ, vanish and not just Vf^^J. Of course, superminimal submanifolds are Kahler 
for the induced metric and the inclusion map becomes pluriharmonic (equivalently, 
(1, l)-geodesic): as a matter of fact, from (IIL2.6I) . we deduce JV^oia/ (X — iJX) = 
iWroiAiiX - iJX) for every X G TM so that V^oi^^^"^ ^ hence, 
Vdt(T°^M, T^°M) C T^^N (see also LemmallOJ). We call to submanifolds satisfying 
this weaker condition pluriminimal: i.e., given an almost Hermitian manifold {N, g, J), 
a pluriminimal submanifold M is a Kahler submanifold for which the inclusion map is 
pluriharmonic ((HI, [1211 . [|22]| ). These are still minimal submanifolds, as the inclusion 
map is (1, 1) -geodesic and therefore harmonic. The next three results were obtained in 
joint work with M. Svensson ([43J). Firstly, when the codimension is two, the concepts 
of pluriminimal and superminimal coincide: 

Proposition II.2.4 (Pluriminimal and superminimal submanifolds of codimension two). 
Let {N, g, J) be a Hermitian manifold and M a pluriminimal submanifold of codimension 
two. Then, M is superminimal. 

Proof. Fix a local frame {V, JV} for TM-^, and denote by X, Y, Z general tangent 
vectors to M. Under the isomorphism g in (II.4.9I ). Vx-J is skew-symmetric; on the 
other hand, it satisfies {V xJ)J = -J{VxJ)- It follows that h{{V xJ)V,V) = 
h{{VxJ)V, JV) = and, since M is Kahler, 

h{{VxJ)Y, Z) = /i((Vf J)F, Z) + h{{ViJ)Y, Z) = 0. 
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It remains to show that h{{'VxJ)y, V) = 0; by antisymmetry, then also h{(VxJ)V, Y) 
vanishes. Denote hy l : M ^ N the inclusion map. As M is pluriminimal, we have 
VdL{X, JY) = Vdi{JX, Y) and consequently h{{VxJY, V) = h{VjxY, V). Thus, 

h{{VxJ)Y, V) = h{VxJY, V) - h{JVxY, V) = h{VjxY, V) - /i( JVyX, V) 
= hiVyJX, V) - hiJVyX, V) = h{{VYJ)X, V). 

Since J is integrable, we have V jxJ = J^x J (see Corollary HAS] and equation (|L4.14I) ). 

h{{VxJ)Y,V) = -h{J\VxJ)Y,V) = -h{J{VjxJ)Y,V) 

= -h{J{VYJ)JX,V) = h{J\VYJ)X,V) = -h{{VxJ)Y,V). 

Hence, VxJ = so that M is superminimal. □ 

In the same way that minimal submanifolds are closely related to harmonic maps 
(Proposition III. 2. 21 and comments), pluriminimal submanifolds will be closely related 
with pluriharmonic maps. Indeed, we have the following: 

Theorem II.2.5 (Pluriharmonic maps and pluriminimal submanifolds). Let : 

(M, J*^) — i- (A^", J^) be a pluriharmonic holomorphic map from a complex manifold 
{M,J) into an almost Hermitian manifold {N,g,J^). Then, (f{M) is (locally) a 
pluriminimal submanifold. 

Therefore, pluriminimal submanifolds can be (locally) constructed as the image of a 
pluriharmonic holomorphic map ip from a complex manifold into any almost Hermitian 
manifold. We prove Theorem III . 2 . 5 1 after the next theorem (which is given in ||2TI for the 
particular case when M is Kahler and El when the codomain is the Euclidean space); see 
Corollary IIII. 1 1 for a "twistorial" version of this fact): 

Theorem II.2.6. Let (f : (M, J) — )■ (A^", h) be a pluriharmonic and pluriconformal map 
from a complex manifold into a Riemannian manifold [N, h). Then, the pull-back metric 
g = ip*h on M is Kahler 

Proof. As d(/)(T^'°M) is isotropic, it follows easily that g is compatible with J, i.e., 
(M, ^f, J) is a Hermitian manifold. Let to = g{J-, ■) he the corresponding Kahler form. 
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As J is integrable, du has no (3, 0)-part; to show that u is closed it is therefore enough to 
show that the (1, 2)-part of dco vanishes. To this end, let (zi, ...,Zm) be local holomorphic 
coordinates on M; they determine locally a Kahler metric and a Levi-Civita connection 
V (see Lemma lA.2.51) . As cp is pluriharmonic, we get 

= Wd^id,,,d,J = VljmJ - M^o.^d,J = VljmJ, 

where ^ is the pull-back connection on (f^'^TN. Hence, 

duj{d,^ , d,^ , d,^ ) = d,^ uj{d,^, d,^ ) - d,^ u{d,^, d,^ ) 

= th{Vl^dy,{d,^)-Vl'dy,{dJ,d,J 
= th{dcp{[d,,,d,,]),d,J = 0. 

This proves that dw = so that M is Kahler. □ 

Thus we can now easily prove Theorem in.2.5t as ip is holomorphic, it is pluriconformal 
(Remark III. 1.31) . Hence, for the pull-back metric, (M, g, J) is Kahler and so we have an 
isometric pluriharmonic immersion, which shows that its image is pluriminimal. 

II.3 Harmonic morphisms 

Harmonic morphisms are smooth maps that preserve Laplace's equation (III.2.3I) : more 
precisely: 

Definition II.3.1. Let M and N be two Riemannian manifolds and : M — )■ a 
smooth map. Then, ip is said to be a harmonic morphism if it pulls back (locally defined) 
harmonic functions on A^ to (locally defined) harmonic functions on M. In other words, 
if V is an open set in A^ with ip^^lV) non-empty and / : V — M a harmonic function, 
then f o Lf : ip^^(y) — M is a harmonic function. 

To give a geometric characterization of harmonic morphisms, we need the following 
notion (see e.g. [6]): 
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Definition II.3.2 (Horizontally (weakly) conformal map). Let (p : M ^ N he a 
smooth map between two Riemannian manifolds (M,g) and (A^, h). Then, Lp is called 
horizontally weakly conformal if for all a; G M either: 

(i) d(p^ = 0, or 

(ii) d(px : Tj.M — )■ T^(x)N maps the horizontal space Tix = (kei dcp^)-^ conformally onto 
T^{x)N\ i.e., d^px is surjective and there is 7^ with 



Of course, if we define A to be zero at points s G M for which d^px = 0, we get (cf. 
Definition lll.l.ll) a smooth non-negative function A^ defined on M , and we can consider 
its square root A^,, to which is usually called the dilation (of p> at x). We can now give the 
following characterization of harmonic morphisms ( lf24ll . |[28l . see also Q): 

Theorem II.3.3 (Geometric characterization of harmonic morphisms). A smooth map 
(p : M N between Riemannian manifolds is a harmonic morphism if and only if it is 
simultaneously harmonic and horizontally weakly conformal. 

The following theorem will be crucial in our subsequent work (||4||, see also f6l, p. 122): 

Theorem II.3.4 (Harmonic morphisms and mean curvature of the fibres). Let Lp : Af" — 

A^*^ be a smooth non-constant horizontally weakly conformal map between Riemannian 
manifolds. Then, p> is harmonic, and so a harmonic morphism, if and only if, at every 
regular point, the mean curvature vector field /i^ of the fibres and the gradient of the 
dilation \ofip are related by 



In particular, when n = 2, p> is harmonic, and so a harmonic morphism, if and only if at 
every regular point the fibres of p) are minimal. 

Of course, we immediately get from (IIL3.2I) that a Riemannian submersion p) : M™ —f 
is a harmonic morphism if and only if it has minimal fibres ( ||24]| ). In the particular 



h(dp>xX, dipxY) = AxgiX, Y), \fX,YeH. 



(11.3.1) 



(n — 2)'H(grad log A) + (m — n)/i = 0. 



(II.3.2) 
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case where n = 2, harmonic morphisms do not depend on the conformal class of A^^ (O; 
compare with lIL2.TI) as horizontal (weak) conformality remains unchanged by conformal 
changes of the metric on A^^ and the fact that the fibres are minimal does not depend on 
the metric on A^^ at all. In particular, the concept of harmonic morphism to a Riemann 
surface is well-defined. 

If (M, g, J) is an almost Hermitian manifold and : M — )• A^^ is a holomorphic map, 
is automatically horizontally weakly conformal, as it is easy to check. Therefore, in 
such a case, we have a harmonic morphism if and only if its fibres are minimal (at regular 
points). As we shall see in Chapter |IVl this will be the fundamental idea for constructing 
harmonic morphisms using twistor methods. 
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Chapter III 

Harmonic maps and twistor spaces 

In [|42]| (Corollary 4.2), it is shown that conformal and harmonic immersions 
: M ^ — )■ A^^" always arise as the projection = n o ip of suitable holomorphic maps 

: M2 ^ J:+N: 

Corollary IIII.5.21 Let be a Riemann surface, N"^^ an oriented even- dimensional 
manifold. Consider ip : — )■ A^^" an immersion. Then, if is a conformal and 
harmonic map if and only if if is (locally) the projection of a {J J^) -holomorphic 
map ^ : ^ S+A^. 

The fact that projections of -holomorphic maps tp : — )► S+A^ are harmonic is a 
consequence of the following theorem ( [|42]| . Theorem 3.5): 

Theorem IIII.2.2i Let (M^™, J^,g) be a cosymplectic manifold and N"^^ an oriented 
Riemannian manifold. Take ip : M^™ — i- S+A^^" a [J^^ J^)-holomorphic map. Then, 
the projected map if : M^™ — )■ A^^", ip = n o ip, is harmonic. 

This is essentially a consequence of Proposition lIII.2?T] ( [l34]| . see [|42]| p. 175): 

Proposition IIII.2.T1 Let M^™ Z7e a cosymplectic manifold and A^^" « (1, 2)-symplectic 
manifold. Then, any holomorphic map if : — )■ A^^" is harmonic. 
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What really matters in proving Proposition IIII.2.1I is that there is indeed an almost 
complex structure on N which renders if holomorphic and is "(1, 2)-symplectic along 
this is the idea behind Theorem IIII.2.2I As for the converse in Corollary IIII.5.21 it 
follows from Theorem lIIL4.1[ 

The main purpose of this chapter is to give more general versions of these results and, 
at the same time, using the tools developed in Chapter HI provide unified proofs for the 
above stated and for the new results. More precisely, we prove ( [|43l . see also Remark 5.7 
of [EH) 

Theorem IIII.3.41 Let M be a {l,2)-symplectic manifold and N'^"' an oriented even- 
dimensional Riemannian manifold. Consider a {J , J^) -holomorphic map ip : M^™ — )■ 
S+A^^". Then, the projected map if : M^™ — )• A^^", ip = it o ip, is pluriconformal and 
(1, 1) -geodesic. 

In the same way that Theorem IIII.2.2I is a generalization of Proposition IIII.2. ll we show 
that the above theorem can be seen as a generalization of the following result (see 
Lemma 8.2.1): 

Proposition IIII.3T11 If ip : M ^ N is a holomorphic map between {l,2)-symplectic 
manifolds (M, g, J^^) and {N, h, J^), then ip is (1, l)-geodesic. 

We also establish a converse to Theorem llII.3.4[ namely, we see under what circumstances 
we can guarantee the existence of a twistor lift for a given pluriconformal (1, 1) -geodesic 
map (Theorem ImAH and CoroUarv UlOll) . 

We can already derive a consequence from Theorem IIII. 3. 4[ that will be the starting point 
for our construction of harmonic morphisms in the next chapter ( Il43]| '): 

Corollary III.l. If (M, g, J) is a Kdhler manifold, ip : M ^ Tj^N a J"^ -holomorphic 
map and (p = tc o ijj an immersio^ then (p{M) C A^ is an immersed (pluri)minimal 
submanifold of N. 

'Equivalently, ^jj is nowhere vertical. 
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Proof. As M is (1, 2)-symplectic, is (1, l)-geodesic. But then it is also pluriharmonic as 
M is Kahler. On the other hand, its pluriconformality is obvious from its holomorphicity 
relatively to the almost Hermitian structure induced by 4'- Therefore, the induced pull- 
back metric on M is still Kahler (Theorem lII.2.61) . But pluriharmonicity is not influenced 
by change of compatible metrics so that Lp is still pluriharmonic for this new metric 
that makes it a Riemannian immersion. In particular, it is (1, l)-geodesic and therefore 
harmonic. Hence, V5(M) C is minimal. □ 

Remark III.2. Notice the importance of M being Kahler in Corollary IIII.ll we need 
M to be (1, 2)-symplectic; without this, we can not guarantee that the projected map 
Lf : M ^ N is (1, l)-geodesic (Theorem IIII.3.4I) . On the other hand, we use the fact 
that M is complex to make sure that the pull-back metric makes M a (1, 2)-symplectic 
manifold for which if is still (1, l)-geodesic (and therefore harmonic). 

III.l Fundamental lemma 

Let (M, g, J^) be an almost Hermitian manifold and (A^, h) an oriented even-dimensional 
Riemannian manifold. Let if) : M — )■ S+A^, ^(x) = (tt o J^{x)), be a map to the 
twistor space S+A^ of A^ and define Lp : M ^ N hy Lp = n o tjj. We shall say that Lp is 
( J*^, J^)-holomorphic (at Xq) if 

Consider the vector bundle Lp~^TN over M with the orientation, metric and connection 
inherited from those on TN and let Tj'^ip^^TN denote its twistor bundle. Let denote 
the section associated to ip: 

X -^{x,J^{x)). 

For the section cr^, (y9"^TA^, becomes an almost Hermitian vector 

bundle. Let be the fundamental 2-form associated with and define daUJa as in 
Chapter m 
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In the opposite direction, let (p : M N he any smooth map and a a section of 

j:+ip-^TN, a : M ^ J:+ip-^TN with a{x) = (x, Mx)), J^{x) e S+T^(^)iV. Then, a 
defines a map ip„ : M H'^N by 

(III.l.l) 

X (V2(x), Ja{x)). 

With this terminology, we can state the following result: 

Lemma III.l.l (Fundamental lemma). Let ip : M ^ 'E'^ N, = n o -ip and co^ be the 
fundamental 2-form associated with a^. For any fixed xq G M, we have 

M I (^a^aiXo) = 

il) is (J , J°^)-holomorphic at Xq ^ I (a = 1, 2) 

I ip is ( J^^, J^)-holomorphic at Xq 

(III. 1.2) 

Conversely, let (f : M ^ N be any smooth map, a a section of'E'^(p~^TN and ipa as in 
(IIII.l.ll) . Then, for any fixed xq G M, we have 

(p is ( J^'^, Ja)-holomorphic at Xq 

=^ i) is (J , J'')-holomorphic at xq. (III. 1 .3) 

daU^iXo) = 

Proof Let ip : M ^ J:+ N he {J^\ J^")-holomorphic and 

(i) It is easy to check that is ( J^^, j7^)-holomorphic: in fact, 

ip = 7roilj =^ difiiJ^^X) = d7r(#(J*^X)) = dniJ^dipX) = J^d^idipX) = J^difX 
since ^ is ( J^^, i7")-holomorphic and vr is "holomorphic" in the sense of equation (II.4.6I) . 

(ii) As in equation (II.4.8I) . we can show that the decomposition of dipX into horizontal 
and vertical parts is given by 

{d^X - V^"' J^} © V^"' G -H © V. (III. 1 .4) 

(iii) We can now finish the proof of the first implication: we want to show that daCOa = 0. 
Indeed, we can write 

' r02* (a = 1), 



ij is ( J*^ J^'*) -holomorphic (d^(Xi°))^ G V^°'" 



T^o* (a = 2). 
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Hence, since {dip^X))^ = V xJ->p we deduce, for a = 1, 

< (VxioJ^)yi;,Z}° >= ^ (Vxioa;.)(ri;,Z}0) = ^ d.uj, = 0, 
whereas for a = 2 we have 

< (VxioJ^)F°;,Z°i >= ^ (Vx^ou;.)(Fj';,Z°i) = ^ d^u;. = 0, 
as required. 

Conversely, suppose now that we have a map ip : M N and a section 

a : M ^ S+^-^TAT 

X (x, J^(x)), where J„{x) : T^(^)N T^[x)N 

such that (f is ( J*^, Jo-)-holomorphic and da^cr = 0. We want to show that the map 

^p■.M^ J:+TN 

is ( J^^, J'")-holomorphic. Take the decomposition of TT.^ ip^^T N into its horizontal and 
vertical parts. 

(iv) For the horizontal part, we have 

(d^(J*^X))^ = dvrl^^ o d7r|^(d^(J^^X))^ = d7r|^M7r(d^(J^X)) 

= d7r|^M^(J^^X) = dn\y^J^d^X = d7r|^V,d7r|^(d7/'X)^ 

(v) For the vertical part, all we have to show is that (d^(X^°))^ G (a = 1,2) and this 
follows from daUJa = 0, just as in (iii), concluding our proof. □ 

Remark III.1.2. Notice that the main problem this lemma solves is that already pointed 
out in Remark [1.4.21 when we are considering the bundle S+A^ we have two natural 
almost complex structures: namely, J'^ and J''^. When we take instead the bundle S+V, 
conditions d^w = arise more naturally then that of defining J'"- on the latter bundle 
(in the way we pointed out in Remark |I.4. 21) and then speak of holomorphicity relatively 
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to these structures. Choosing this terminology, ^/"-holomorphicity on a bundle T.'^N 
is replaced by the conditions daUJ = on S+V and ip holomorphic. Comparing with 
Theorem 11.4.31 now we have to impose that ip be holomorphic, which will give the 
horizontal holomorphicity of the lift, that was automatically guaranteed in the case of 
sections of S+iV (Remark HAT]). 

Corollary III.1.3. As before, let ip : M ^ E+A^ be a smooth map from the almost 
Hermitian manifold (M, J*^) and ip:M^N, (p = 7ioip the projected map. Then, 
for each xq G M, ip is J'^ -holomorphic at xq if and only ifip is ( J*^, J ^) -holomorphic at 
Xq and'VTWMT}^N C Tj^^^^^N; equivalently, if and only ifip is (J*'^, J^) -holomorphic 
(at Xq) and 

VX^o e T4°M,ri° G T{if-'T}lN)3Zl^ e V''T}%^)N : Vx^oY'' = (III.1.5) 



Analogously, ip is -holomorphic at Xq if and only if ip is ( J*^, J ^) -holomorphic at xq 



and Vt^imTj^N C Tj°,^ .N. Equivalently, if and only if ip is {J ^ J ^) -holomorphic 



and 

e TllM, G V{^-^T]lN)3Z}^^ G ^-'T]1^.,)N : V^ojF1° = Z^. (III.1.6) 



Proof. Using Lemma IIII. 1 . 1 [ we see that ip is -holomorphic if and only if ip is 
( J*^, J^) -holomorphic and daUJ^ = 0, where is the fundamental 2-form associated 
to Ip. From Lemma IT. 2. 2 [ we have 



daU}^ = ^ 



VtiomTJOAT C T}lN [a = 1) 



VTOiMTjOiV C TjOiV (a = 2) 
which proves our assertion. □ 



III.2 Harmonic maps and twistor projections 



III.2.1 Proposition IIII.2.1 



Recall the following resuh (JMl, see 021 p. 175): 
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Proposition III.2.1. Let (M, g, J^'') be a cosymplectic manifold and {N, h, J^) a (1, 2)- 
symplectic manifold. Then, any holomorphic map if : M ^ N is harmonic. 

As we want to establish the similarity between the different results in the introduction of 
this chapter, we now present a new proof of Proposition IIII. 2 . 1 1 done in several steps: 

step. The (0, l)-/>arf o/ J^(traceg V^) (see also the proof of Lemma 8.1.5 in H, 
p. 251). 

If (y9 is a holomorphic map between two almost Hermitian manifolds M and A^, then 

{J^(traceg V^"'j^)}°^ = 4{^ V|"'d(^Zj}°i (jjj_2.1) 

3 

where Zj, Zj are the vectors \ {Xj —iJXj), ^{Xj + iJXj), respectively, with {Xj, JXj} 
an orthonormal frame and 

tracep V^"' := ^(V^^j^^ J^)d¥?Xi, {XJ orthonormal for the metric on M. 

i 

Proof of the l"' step. The proof follows from noticing that |(Id +iJ)Jv = (Jv)^^ = —iv 
and decomposing both sides in equation (IIII.2.1I) . 

2"'^ step. Decomposing the tension field (see Lemma 8.1.5., f6l, p. 251). 

Let If : {M,g, J) — {N,g, J) be a holomorphic map between two almost Hermitian 
manifolds. Then, 

r (v?) = ( trace^ V^"' J^) - d^{J^^ trace V^^) . (IIL2.2) 
Proof of the 2"'' step. Since Vdy^ is symmetric, we have 

t{^) = 4 ^ (Vdv^) (Z„ Z,). (III.2.3) 

3 

Hence, 

3 3 



60 



Harmonic maps and twistor spaces 



If (y9 is a holomorphic map between two almost Hermitian manifolds, it preserves the (1,0) 
and (0, l)-parts. So, since 

4{d<^Ej Zjjoi = d<^(J*^traceVJ)°^ and 
4E,V|"™dv;Z, = (J^ trace, V^"V^)°\ by dnm]), 

we deduce 

(r(y,))°' = {j^(trace,V^"V^) -dy.(j^^ trace V^^J^O}"'- 

As t{(p){x) G T^(x)N is real, we conclude that equation (IIIL2.2I) is satisfied, as desired. 

□ 

3'''^ step. (Fundamental step) 6.200 „ = 0. 

We show that, if y9 : M — )■ is a holomorphic map, with M almost Hermitian and 
(1, 2)-symplectic, then d2UJa = 0, where is the fundamental 2-form associated to a 
and a is the section of T^'^ip^^TN defined in the natural way. 

Proof of the 3"^ step. Let us start by noticing that {(p~^TN,(p~^h,'V'^ \ a) is an 
almost Hermitian vector bundle and there is a natural identification between (lp^^TN)I^ 
(respectively, {<^-^TN)l^) and T^f^^N (respectively, T^^^-^N). 

Now, from Lemma ILZH dso;^ = if an only if, for all X^^ e T^^M, Z^^ e 

(V^;:™u;.)(r°\ Z'') = ^ {Vl^.ou:j.){Y'\ Z'') = 0, VF°\ Z'' G T^'N. 

Since is holomorphic, dv9(X^°) G T^°A^ so that the above equation is trivially true as 
is (1, 2)-symplectic and so d2u;jjv = (Proposition ll.3.31) . □ 

4'^ step. Conclusion of the proof of Proposition \III.2.1\ 

Using the second step and the fact that M is cosymplectic, 

t{^) = ( trace, V^"' J^) -d¥.(J^^ trace V*V*0 = trace, V^"V^). 
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From the first step, 

{j^(trace,V^-V^)}°' = 45^{V|;'™dy.Z,}°\ 

j 

Now, since Zj G T^^M, dip{Zj) G {ip'^TNy^ and dsw,, = (from tlie third 
step), we can use equation (II.2.8I) in Lemma II.2.2I to deduce that ™do9Z, lies in 
{(f^^TNy^ (or, equivalently, in T^^N. Therefore, '^^dipZj has vanishing (0, 1)- 
part and (r(v9)) = 0. Hence, by reality, T{(p) = and if is harmonic, as desired. □ 

III.2.2 Twistor projections 

We have the following twistorial generalization of Proposition lIIL2. ll ( [|42ll . Theorem 3.5): 

Theorem III.2.2. Let (M^"*, J^\g) be a cosymplectic manifold and N'^^ an oriented 
Riemannian manifold. Take '■ M^™ — )■ S^A^^" a {J^^ , J^)-holomorphic map. Then, 
the projected map ip : M^™ — )• iV^", ip = it o ^ip, is harmonic. 

Notice that we could have considered Tj^ N instead of S+A^ in this theorem. In fact, 
Tj~N = S+iV, where N denotes the manifold with the opposite orientation. Hence, 
if ip : M^™ — )• S^A^ is a jT^-holomorphic map as above, y9 : M — )■ iV is harmonic. But 
harmonicity does not depend on the orientation, so that (p is still harmonic as a map to A^. 

We now present a new proof for this result, compatible with that for Proposition IIII.2.1I 
We divide it into the same steps as the proof of that proposition: 

r' step. The {0,l)-part of {tiacegV^'' J^). 

Just as before, we can prove that, with tjj and (p as in Theorem 1111.2. 2 [ 

(J^ trace^ V^"' J^)°^ = ^Yl (III.2.4) 

j 

where, for any orthonormal frame {Xi} of TM, 

trace, V^'JV, = ^(V^" J^)(d(^X„ d(^X,) ( = Vj'"^^ Jv,d<^X, - J^(V^^Xi)). 

i i 
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Proof of the P' step. As before, the proof follows from noticing that ^(ld+iJ)Jv = 
(Jv)'^^ = —iv and decomposing both sides in equation (IIII.2.4I) . noticing that is 
{J^, J^)-holomorphic (Lemma HTl.l.ll) . 

2"^ step. Decomposing the tension field. 

Let if and ^ be in the conditions of Theorem ini.2.2[ Then, we have 

T{ip) = J^tiacBgW' J^) - d(^(J*^trace V^V^O- (III.2.5) 

Proof of the 2"'' step. Once again, the proof goes exactly as before, as cp becomes a 
( J*^, J^)-holomorphic map. 

3'''^ step. (Fundamental step) d2UJa = 0. 

Let if and ip be as given and consider the section cua of 'Z~^(f~^TN as in Lemma UlLl .11 
then, d2UJa = 0. 

Proof of the 3'''^ step. The proof is precisely Lemma lTiL 1 . U equation (IIIL1.2I) ) for the case 
a = 2. 

4''' step. Conclusion of the proof of Theorem 2. 21 

We repeat the fourth step of the previous proof, with replaced by throughout. □ 



III.3 (1, 1) -geodesic maps and twistor projections 



III.3.1 Proposition IIII.3.1 



In the spirit of Proposition IIIL2. 11 we have the following result (see H, Lemma 8.2. 1): 

Proposition III.3.1. If ip : M ^ N is a holomorphic map between {l,2)-symplectic 
manifolds (M, g, J^^) and {N, h, J^), then ip is (1, l)-geodesic. 
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In the same way that we divided the proof of Proposition lllLfTTI into several steps to show 
the similarity between that result and Theorem IIII.2.2[ we shall now divide the proof of 
Proposition IIII.3.1I to exhibit its relation with Theorem IIII.3.4I and with the two results 
from the previous section: 

r' step. Alternative characterizations o/(l, l)-geodesic maps. 

Proposition III.3.2 ((1, 1) -geodesic maps: alternative condition). Let (p : M N be a 

map from a Hermitian manifold (M, g, J) to a Riemannian manifold N. Then, ip is (1, 1)- 
geodesic if and only if for every point x E M there is an almost Hermitian structure J^^ 
on T^p^N such thac 

(V d(^)^(F^°, Z°^) G T]° N, Vr^° e Tl^M, Z^^ e Tl^M. (IIL3.1) 



Proof. If (y9 is (1, 1) -geodesic, take any almost Hermitian structure on T^^N . Then, since 
(V dv9)^(Z°\ Y^^) = (Definition|IL23]), (IIIL3.1D obviously holds. Conversely, suppose 
that (lin.3.11) holds for some J^^. Then, taking Z^^ = X - iJX, Z^^ = X + iJX, 
X eT^M, we deduce 

But since 

V d(/?(Z°\ Z^°) = V dip{X, X) + V difiJX, JX) 
is real, we deduce V dy9(Z°^, Z^^) = 0. Now, using a polarization argument, 

Vd^(Z,Z) = 0, VZ G T^^M Vdip(Z + Y,Z + Y) = 
V dip(Z, Z) + V dip{Y, F) + V d^(Z, Y) + V d(^(F, Z) = 
Re {Vdip{Y,Z)) = 0. 

But then V d(p{Y, Z) G T}° N and has vanishing real part, which implies that it must be 
zero. Hence, Lp is (1, l)-geodesic. □ 

^Notice that we do not require any compatibility between and the almost Hermitian structure; i.e., ip 
may or may not be holomorphic with respect to this structure; see the next corollary for further details. 
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Given a smooth map ip : (M, g, J) ^ N obtained as the projection = vr o ^ of a map ip 
to S+A^, Lp = noil), without requiring further conditions a priori on ^, nothing guarantees 
that is holomorphic relatively to the induced almost Hermitian structure J^. However, 
if it is, we shall say that the structure is strictly compatible with ip (or that the map 
t/) is a strictly compatible twistor lift of Lp). Of course, such a structure can exist if 
and only if d(pCT^^M) C T]^N is isotropic: in other words, if and only if ip is (weakly) 
pluriconformajj. If preserves dipiTM) but does not necessarily render (p holomorphic, 
we shall say that (or the map is compatible with (p. 

Lemma III.3.3 (More on (1, l)-geodesic maps). The following conditions are equivalent: 

(i) ip is (1, l)-geodesic. 

(ii) For each x E M there is a Hermitian structure J^^ in T^^N such that (|IIL3.1I) holds. 

(iii) For each x E M and for all almost Hermitian structures J^p^ at T^^N, (|III.3.1I) holds. 
Moreover, ifip is a (weakly) pluriconformal map, then the following are equivalent: 

(i') ip is (1, \)-geodesic. 

(ii') For each x G M there is a compatible Hermitian structure J^^ in T^^N such that 
(IIIL3.1D holds. 

(iii') For each x E M and for all compatible Hermitian structures J^^^ at T^^N, (IIIL3.1I) 
holds. 



Proof. We have seen in the preceding Lemma IIII.3.2I that conditions (i) and (ii) 
are equivalent. On the other hand, (iii) implies (ii). Finally, if (i) holds then 
Vd(/3(T^°M, T^°M) = and consequently (iii) also holds. 

For the second part, if (iii') holds so does (ii'), and consequently so does (i') with the same 
proof as in Lemma HILXH If (ii') is true, then V(\ip{Y^^, Z^^) = and so (iii') holds. 
Finally, if (i') is satisfied, since ip is (weakly) pluriconformal, we can find a Hermitian 

^In the case M'^ is a Riemann surface, if and only if ip is (weakly) conformal. 



III. 3 (1,1) -geodesic maps and twistor projections 



65 



structure on T^^N for which (p is holomorphic at x and, of course, for this structure, 
(IIIL3.1I) is verified, so that (ii') is implied by (i'), concluding our proof. □ 

We now return to the proof of Propo sition IIII . 3 . 1 1 
2'"^ step. Decomposing Vd(^(r^°, 
We have 

vd(^(yi°,z°i) = vd(^(zo\rio) = v|;id(^(ri°) - d^{v'^{,Y^^). (111.3.2) 

Proof of the 2"'' step. Immediate. 

3'^'' step. (Fundamental step) 6.200 a = 0. 

As in the third step of the proof of Proposition IIII.2.1[ d2UJa- = 0, where u^j is the 
fundamental 2-form associated with a. 

Proof of the 3'''^ step. The proof goes precisely as in the proof of Propo sition IIII . 2 . 1 1 
4"^ step. Conclusion of the proof of Proposition \III. 3.1\ 

Using the second step, (IIII. 3. 21) holds. Since ip is holomorphic, d(p{Y^^) E T^^N; hence, 
using the third step and Lemma IT.2 . 21 (equation (II. 2. 91 )) we deduce that V zo^dip{Y^^) lies 
in T^^N. As for the second term in the right-hand side of (IIII. 3. 21) . since M is (1,2)- 
symplectic, using Proposition 031 we deduce that V^oiF^° lies in T^°Af and using the 
holomorphicity of Lp we can therefore write 

Vd(^(ri°,z°i) e T]lN. 

Lemma lTlI.3.2l finishes the proof by showing that is (1, l)-geodesic. □ 
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III.3.2 Twistor projections 

We can now generalize Proposition lIII.3.ll ([!4?l. see also Remark 5.7 of iHTI '): 

Theorem III.3.4. Let M be a {l,2)-symplectic manifold and N'^"' an oriented even- 
dimensional Riemannian manifold. Consider a {J^^ , J^)-holomorphic map ip : M^"^ — )■ 
E+iV^". Then, the projected map 99 : M^™ — )■ A^^*^, ip = it o ijj, is (1, l)-geodesid^. 

Proof. The proof goes just as before: the first and second steps are similar to the preceding 
ones. As for the remaining steps: 

3''^ step. (Fundamental step) d2Ua^ = 0. 

Let ip and be as given and consider the section of T.^^p^'^TN as in Lemma lTlI.l.li Then, 
d2Wa = 0. 

Proof of the 3'''' step. The proof of this step is precisely Lemma UlI. 1.1 [ 
4*'^ step. Conclusion of the proof of Theorem MIL 3.4\ 
Using the second step, equation (IIII.3.2I) : 

holds. Since ip is (J^, J^)-holomorphic, dpiY^^) lies in {lp~^TNY^\ since d2a;^ = 0, 
using Lemma 11.2.21 we can deduce that V^oi(dv9F^°) belongs to (p'^TNYj^. As for 
the second term on the right-hand side of (IIII.3.2I) . since M is (1, 2)-symplectic and p 
(J*^, j0)-holomorphic, we again deduce dv9(V^oiF^°) e Tj^N. Hence, using Lemma 
IIII.3.2l we conclude that pis (1, 1) -geodesic. □ 

"^and pluriconformal (see Remark lll.l.3l l. We could also establish a similar result replacing S+iV with 
S^iV, with a justification similar to that after Theorem lIII.2.21 
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III.4 Lifts of harmonic maps 

We already know that given a jT^-holomorphic map -ip : M S+A^^", the projected 
map Lf = TT o ip is harmonic (if M is cosymplectic) or (1, l)-geodesic (if M is (1, 2)- 
symplectic). Moreover, 99 is also (weakly) pluriconformal as it is ( J*^, J^)-holomorphic, 
so it is (weakly) conformal when AP is a Riemann surface (Remark III. 1.31) . The idea 
is now to look for converses of these results. In ll42l . a converse is obtained in the case 
of Riemann surfaces (see Theorem IIII.4.1I) and we generalize this to higher dimensions 
(Theorem IIII.4.2I) . In order to clarify the relation between these two last results, we 
reformulate the first, using the more general setting developed in Chapter HI 

Thus, in the next sections we shall be looking for ways of constructing a JT^-holomorphic 

map ip : M ^ Tj^N with tt o ip = ip, where ip : M^™ — )■ A^^" is a given map. 

III.4.1 The case of Riemann surfaces 

Let be a Riemann surface and (p : N a conformal immersion, where 

(A^^", h) is an oriented even-dimensional Riemannian manifold. We are searching for 
J'^-holomorphic maps tp : — t- S+A^ with (/? = vr o where vr : S+A^ N is the 
canonical projection. In particular, if such a map exists, ip is ( J^^, J^)-holomorphic and, 
therefore, ip is a strictly compatible twistor lift for (p. Hence, we are only interested in 
almost Hermitian structures for A^ defined at points Lp{x) (i.e., along ip) which render ip 
holomorphic. 

Consider then the vector bundle V over given at each point x G M as the orthogonal 
complement (for the A^-metric) of (iLpx{TxM), which is an even-dimensional vector 
subbundle of (p^^TN M^. Consider V equipped with the metric and the connection 
induced by those on (p~^TN: 

< Xx, Yx >vi = < ^x, Yx >N, VX^., Yx G Vx, 

V^y = proj^,(V^"F), VX G r(TM), Y G T{V) 
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where proj^ is the orthogonal projection onto V. Since V gv = 0, we have a 
Riemannian vector bundle. Finally, define an orientation on V in the following way: 
given X on M^, on d^pxiT^M) use the orientation transported from TjA^lj and define 
an orientation on by the condition that {Yi, F2n-2} is positive for if and only 
if {Yi, ...,Y2n-2, Xi, X2} is a positive basis for T^(x)N. We are therefore left with an 
oriented even-dimensional Riemannian vector bundle on Af ^ as in Section II.5.4I so that 
we can consider the associated bundle S+y — )■ M^. 

To each positive almost Hermitian structure on Vx corresponds one and only one positive 
almost Hermitian structure on T^(^x)N such that Lp is holomorphic at x: if Jy^ is defined 
on Vx, J^^ is defined on T^(^x)N by 

Jy^, on Vx, 



J^^ transported from T^-M via if = rotation by + f on dipxiTxM). 



(III.4.1) 

This means that the set of positive almost Hermitian structures along ip which render (p 
holomorphic is precisely S+y. Notice the importance of if being conformal: if this was 
not so, we could not make J^p^ into a metric-preserving complex structure on T^(x)N . 
Since is a Riemann surface, the (0, 2)-part of the curvature of V vanishes. Hence, 
by Theorem II.5.7[ we know that S+V is a holomorphic vector bundle over our Riemann 
surface with the Koszul-Malgrange complex structure . 



We consider the map 

Then, we have the following theorem (see also [l42l . Theorem 4.1): 



(III.4.2) 



Theorem III.4.1. Let ip : — )■ A^^" be a conformal immersion as above, where is 
a Riemann surface and N'^"' an oriented even-dimensional Riemannian manifold. Then, 
the following conditions are equivalent: 



^I.e., if {Xi,X2} is a positive basis for T^M, {dip^Xi, d(pxX2} is a positive basis for dipxTxM. 
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(i) The map (p is harmonic. 

(ii) The map rj is (JT^*^, J^)-holomorphic. 

(iii) (The image of) rj is -stable. 

This result follows from a more general result, which we now give. 

III.4.2 Lifts of (1, 1) -geodesic maps 

We already know that the projection (/? = tto^ of a ( J*^, j7'^)-holomorphic map ^ : M — )• 
S+A^2" from a (1, 2)-symplectic manifold M^™ is a (1, l)-geodesic and pluriconformal 
map. We now look for a converse of this result, i.e., given a (1, 1) -geodesic map from 
a (1, 2)-symplectic manifold to an oriented even-dimensional Riemannian manifold A^^", 
when is it the projection of a ( J^^, i7^)-holomorphic map? For reasons that will become 
clear during the proof, this is the case whenever M is Kahler and the normal bundle 
V = (dipTM)-^ with the induced connection and metric from ip^^TN has vanishing 
(0, 2) -part of its curvature: 

RviT^°M,T^'^M) =0. (III.4.3) 

So, let ip : M^™ — )■ A^^" be a pluriconformal map and set V = [dip{TM))^ . Consider the 
twistor bundle S+F of V: this bundle has the Koszul-Malgrange holomorphic structure 
provided that the (0, 2)-part of the curvature of V vanishes. For each x G M, define 

J<Px • T^{x)N'^'^ —f T^(a;)A^^", 

Jy.,onV;, (III.4.4) 
J,., on d(^,(T,M), 

where is the almost Hermitian structure inducecj^ on dLpiT^M) from that on T^M via 
if. 



^Notice that is defined by declaring its (1, 0)-subspace to be dip{T^^M), which is possible since we 
are imposing that Lp be pluriconformal (see p. [TSl l 
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Consider the map rj : — S+A^, defined as before: 

(III.4.5) 

(X, JyJ -> (^(x), J^J. 

Tlie following result was obtained in joint work with M. Svensson ([|43]|): 

Theorem IIL4.2. Let ip : M^™ — )■ A^^" Z^e a pluriconformal map, M^™ a Kahler manifold 
and N^"^ an oriented Riemannian manifold. Set V = (^dip(TM))'^ and suppose that 
Ry = (i.e., the (0, 2)-partofthe curvature of the normal bundle V vanishes). Then, the 
following conditions are equivalent: 

(i) The map (p : M ^ N is {1, 1) -geodesic. 

(ii) The map r] is {J'^^'^ , J^)-holomorphic. 

(iii) (The image of) rj is J^-stable. 

Notice that we cannot expect fewer requirements on the manifold M: it should be (1,2)- 
symplectic if one wants to get (1, 1) -geodesic maps and in order to get a holomorphic 
bundle (which will be what guarantees the existence of holomorphic maps to it!) we must 
also impose that M be Hermitian. Hence, M must be a Kahler manifold and V must have 
Ry' = so that we can introduce the complex structure J^^^. 

In the case where is a Riemann surface, the condition on the curvature is automatically 
satisfied and pluriconformality reduces to conformality (Remark III. 1.31) . In particular, 
Theorem lIII.4.1l is just a particular case of Theorem lIIL4.2[ 

Proof of Theorem \III.4.2\ 

r' step. The complex structure on 

We can put the Koszul-Malgrange holomorphic structure on S+V. Moreover, identifying 
each almost Hermitian Jy structure with its associated (1, 0)-subspace, Sy, 

Jy is a holomorphic section if and only if 

v^oim4° ^ (ni.4.6) 
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Proof of the 1"' step. The fact that we can put the Koszul-Malgrange holomorphic structure 
on S+y is guaranteed by the assumption i?y = 0. The fact that holomorphic sections are 
characterized by equation (IIII.4.6I) is a direct consequence of (II.5.12I) . 

2^ step. (Fundamental step) d2UJj^ = 0. 

We prove that, if is a (1, 1) -geodesic pluriconformal map from a Kahler manifold to 
a Riemannian manifold with i?^ = 0, then for every j7^^^-holomorphic section s]^ of 
Tj~^V, the associated section s^j^ ~ of T^^ip^^TN has d2UJj^ = 0. 

Proof of the 2'"^ step. We have to show that 
where 4^ = s]^ © d(f{T^^M). Now 

v^;.V/(4° © d(/.(ri°M)) c v^oim4° + v?o*/m4° + v^o^mMt'^^m). (111.4.7) 

Since Sy is J"^^^ -holomorphic, V^oim-^f ^ ■^y C s^j^. For the third term on the 
right-hand side of (lin.4.71) . we have 



since (pis (1, l)-geodesic. On the other hand, as M is (1, 2)-symplectic, using Proposition 



IL331 we deduce Vtoia/T^^M C T^^M so that VLnj,MT^°M) C d^(Ti°M) C 



Finally, for the second term, 

V^{,i4° C d(^(T°W)©d(^(T^°M); 

this term will lie in dv9(T^°M) if and only if < V^IimSv, dipiT^'^M) > vanishes. But 

< V*^oi4°,d^(^'°^^) > = < V^;;40,d^(TiOM) > 

= < 40,d(^(TiOM) > - < 4°, V^"o!d(^(TiOM) > , 

which vanishes as and d(p{T^°M) are orthogonal and VroiMd¥?(Ti°M) C dip{T^°M) 
since M is (1, 2)-symplectic. 
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Once again, notice the importance of imposing that 6.200 jm = (i.e., imposing that M be 
(1, 2)-symplectic) and diOJjM = (i.e., requiring M to be Hermitian so that S+V has the 
Koszul-Malgrange holomorphic structure) in the preceding proof. □ 

3'''^ step. Holomorphicity ofrj. 

We prove that if composition with r] transforms each Koszul-Malgrange holomorphic 
section of S+y into a ( J^^, JT^) -holomorphic map, then r] is {J^^^ , J"^) -holomorphic. 

Proof of the 3'''^ step. Since S+ V is a holomorphic vector bundle (for the complex structure 
jKM-^ over the complex manifold Af , for each point (x, s^.) G S+V and each vector v E 
T(^,^^)S+y there is a (locally defined) ( J^^ J^*^) -holomorphic section a : M ^ S+y 
with a{x) = (x, Sx) and dax{u) = v for some u G T^M. So, take f G r(^.,s^)S+V and cr 
a JT"^*^ -holomorphic section of S+V^ with da^iu) = v, for some u G T^^Af . Then, 77 o a 
is a ( J*^, J"^) -holomorphic map from to S+A^ and we get 

= J^{dr]^x^s^){daxu)) = J'^id^^^s^jv), 
as required. □ 
4''^ step. Composition with rj. 

We show that if Jy is a jT^^^-holomorphic section of S+V, then r] o Jy : M ^ E^N is 
( J*^ J^2).hoiomorphic. 

Proof of the 4''' step. This is just our Lemma IIII.l.ll we know that (p is (J^, J^)- 
holomorphic by the very definition of J^, and the latter is a section of T.^(p^^TN with 
d2UJj^ = 0, by the second step. Therefore, our map i] o .Jy is ( J*"^, JT"^) -holomorphic. □ 

J''' step. Conclusion of the implication (i)^(ii). 

We know from the third step that i] will be holomorphic if it transforms each J^^'- 
holomorphic section into a {J^^ , JT^) -holomorphic map M — ^ S+A^. Take Jy to be any 
jT^^^-holomorphic section. Then, from the fourth step, 77 o Jy is {J^^ ., JT^) -holomorphic 
and the proof is complete. □ 
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6'^ step. Conclusion of the proof of Theorem [III. 4. 21 

We have shown that (i)^(ii). It is obvious that (ii)^(iii) and hence we are left with 
showing that (iii)^(i). 

Since 7] is jT^-stable, we may choose a section Jy such that 7] o Jy = is ( J^^, JT"^)- 
holomorphic at a point x G M (see Lemma lni.4.3l below). Hence, J<^ has d2UJj^{x) = 
(Lemma HTl.l.ll) . Using (II.2.11D . we have 

But s^j^f is spanned by Sy and d(^{T^^M). This means that, for every smooth vector field 

f{z).V}° © g{z).dip,{Xl°), with V;i° G 4°(2), X^o G Tf M and for any y^^o G TO^M, 

In particular, since dv9(X^°) G Sy © dv9(T^^°M), we have 

+ /(^).Vy.nyio + i;°^(^?).d^.(XiO) + g{x).Vyo.d^{X^') G T];^^.)^ 
^ Wf,g /(x).Vyoi\/io + ^?(x).Vyoid^(XiO) G T]0(^)iV 
^ V5.^d^(XiO) G T]^V)^- 
Hence, 

VTOiMd^(Ti°M) C T]°iV. 

Since M is (1, 2)-symplectic, we easily conclude that (Vd^)^(T°iM, T^°M) C Tj^^^^X; 
varying x on M and using Lemma IIIL3.2I shows that Lp is (1, l)-geodesic, as we wanted. 

□ 

Our proof of Theorem IIII.4.21 will be completed by the following technical result: 

Lemma III.4.3. Let M be a Hermitian manifold, an oriented even-dimensional 
Riemannian manifold and ip : M ^ N a pluriconformal map with Ry = 0, 
V = {dip{TM))-'-. Take the Koszul-Malgrange holomorphic structure on S+F and 
7] : Tj+V S+X as in (|III.4.5I) . Ifr] is J^-stable (a = 1,2) then, at any point x e M 
and for each Jy^ G S^Kc there is a smooth section Sy ofT^^V with (x) = Jy, defined 
around x such that rj o s is ( J*^, J^"^) -holomorphic at the point x. 
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Proof. Let us start by emphasizing that we want a section of the bundle S+y and not 
just a map (in which case our problem would be just the existence of smooth maps which 
are holomorphic at a point). The idea of this proof is not very complicated: since 77 is 
i7"-stable, we can transfer to S+V^ the almost complex structure J'"' via the map i] to 
obtain J'"-. Hence, we are reduced to showing that there is a section Sy of S+V which is 
( J^^, i7°) -holomorphic at a point x with the initial condition Jy^. Also using 77, we can 
induce a splitting of TS+V into horizontal and vertical parts, induced from that splitting 
on S+A^; such a splitting is preserved by J^. It is easy to check that any section a 
of S+F is horizontally holomorphic for this splitting. On the other hand, preserves 
ker dir-^+v, where tt^+v '■ S+V — )■ M is just the canonical projection majz|. Since n^+y 
is a submersion, we can choose charts (V, u) of S+V and {U, fi) of M such that fxoTr^+yo 
is given by (x, y) — > x. We can now construct a section which is holomorphic at x; 
the only part we have to be concerned about is the vertical part and, at a point x, it is 
easy to construct a smooth map which is holomorphic at x. More precisely, we know that 
o TTs+y o : Ax B C M^m y. ]^2fc-2m ]^2m j^^,- projcction map and the kernel 
of d7rs+ V at Sq is the image of the map d (y — )■ (0, y)) (0) . We can transfer the structure 
J^l to To(M2'" X M2fc~2m)^ ja_ g^j^^g pj-gservcs kerd7rs+y(so), preserves 

]^2fe-2m Similarly, we can transport the complex structure of M at x via fi to get an almost 
complex structure Jo at M^^ jake any / : M^™ ^ ^2^-2™ ^j^^ -holomorphic at the 
origin and consider the section that in these local coordinates is written as x — )■ (x, /(x)). 
Then, it is obviously a section and is holomorphic. Conveniently choosing / so that at 
zero it gives Jy^ in this local coordinates, we conclude the proof. □ 

III.5 Corollaries 

We can now use the results in the previous sections to relate pluriconformal, (1,1)- 
geodesic maps : M ^ N with holomorphic maps 'ip : M T,^N ( [|43ll ): 

^Equivalently, rj maps ker dTT-^+y into the vertical part of E+A^. 
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Corollary III.5.1. Let cp : M — )■ N be a smooth immersion from a Kahler manifold 
M^™ into an oriented even- dimensional manifold iV^", and assume that its normal bundle 
V has Ry = 0. Then, ip is a pluriconformal and (1, 1) -geodesic map if and only if it is 
(locally) the projection of a {J^'\ J'^)-holomorphic map ijj : M^™ — )■ S+iV^". 

Proof. If (p = IT o ip is the projection of a jT'^-holomorphic map ip : M^™ — )• S+A^, Lp is 
(1, 1) -geodesic and pluriconformal, by Theorem IIIL3 .41 

Conversely, if is a pluriconformal and (1, 1) -geodesic map with R^f = 0, Theorem 
IIIL4.2I guarantees that the holomorphic bundle T.^cpTM'^ = S+V is holomorphically 
mapped into S+A^^". Therefore, take any holomorphic section Sy : M^"* — )■ S+y of 
this holomorphic bundle and consider the map ^ = r] o Sy : M^"^ — )■ S+A^. This is 
a ( J^*^, -holomorphic map as it is the composition of holomorphic maps. Note that 
rj o Sy{x) = {(p{x),ri2{x)), so that cp = tt-^+n o ip hy the very definition of rj, and the 
proof is complete. □ 

Once again, notice that we can change S+A^ with T.~N ~ S+iV, where N denotes the 
manifold A^ with the opposite orientation. In fact, if ^ : M — )• S^A^ is jT^-holomorphic 
as above, the map cp : M N is pluriconformal and (1, l)-geodesic. Hence, it has these 
same two properties as a map to A^. Conversely, if Lp : M ^ N verifies the conditions 
on Corollary IIII.5.1[ then it does as a map to N. Hence, it also admits a twistor lift to 
E+iV ~ E-N. 

When m = 1 the condition on the curvature is automatically satisfied and 
pluriconformality reduces to conformality. Hence, we get ( [|42l . Corollary 4.2): 

Corollary III.5.2. Let be a Riemann surface, N"^^ an oriented even- dimensional 
manifold. Consider ip : — )■ A^^" an immersion. Then, ip is a conformal and harmonic 
map if and only ifip is (locally) the projection of a {J^ , J^^) -holomorphic map ip '■ M"^ — ^ 
Jl+N. 

Using Theorem III.2.6[ we know that a pluriharmonic and pluriconformal map ip : M ^ 
A^^" defined on a complex manifold (M, J) induces a Kahler metric on the domain 
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manifold and, for this metric, ip is still (1, l)-geodesic. Hence, if the (0,2)-part of the 
curvature of the normal bundle V vanishes, using Corollary IIIL5.1[ is locally the 
projection of a ^J^-holomorphic map to S+A^. In some cases, we can guarantee the 
vanishing of Ry for a pluriharmonic, pluriconformal map ([i43J): 

Theorem III.5.3 (The case of symmetric spaces). Let N be a Riemannian symmetric 
space of Euclidean, compact or non-compact type and ip : M ^ N a pluriconformal, 
pluriharmonic immersion. Then the {0,2)-part of the curvature of its normal bundle 
vanishes. Consequently, (f is locally the projection of a -holomorphic map to T.'^N. 



Together with Corollary IIII.5.1[ given a smooth immersion : M — A^^", with M 
Kahler and A^^" a symmetric space of Euclidean, compact or non-compact case, this last 
result implies that is pluriharmonic and pluriconformal if and only if it is (locally) the 
projection of a jT^-holomorphic map to Tj^N . In some particular cases, pluriconformality 
follows from pluriharmonicity and we can therefore guarantee that pluriharmonic maps 
are precisely the projections of jT^-holomorphic maps. That is what happens, for instance, 
when M is a compact Kahler manifold with quasi-positive Ricci curvaturecl. For more 
details and for a proof of Theorem ini.5.3[ see [|43l . Theorem 3.8. and the examples 
thereafter. 



III.6 Real isotropic and totally umbilic maps 

We have seen in Theorems IIII.2.2I and IIII.3 .41 that the projection of a jT^-holomorphic 
map i}) : M"^^ S+A^ is a harmonic (when M^'" is cosymplectic) or (1, 1) -geodesic 
map (when M^™ is Kahler). In Theorem IIII.4.2I we obtained a partial converse to this 
result. We would now like to see what can we say about j7^-holomorphic maps. We shall 
start by studying H-holomorphic maps -ip : M^™ — )• S+A^ . 

'^The Ricci curvature is called quasi-positive if it is positive semi-definite everywhere, and positive 
definite at least at one point (fSSl). 
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III.6.1 7/-holomorphic maps 

Recall Definition II.4.4I for H-holomorphic map: given two almost complex manifolds 
(M, J*^) and {Z, J^) with TZ = H©V a stable decomposition, ^ : (M, J*^) ^ (Z, J^) 
is ?^-holomorphic if equation (II.4.1 II) is verified: 



If A^^" is an oriented even-dimensional Riemannian manifold, we can take Z = H'^N 
and consider the decomposition of TS+A^ into its horizontal and vertical spaces. This 
decomposition is stable for both the almost complex structures and J"^ . Moreover, 
since and J"^ coincide in the horizontal subbundle, there is no ambiguity when we 
refer to 'H-holomorphicity. 

Theorem III.6.1. Let ifj : M ^ H'^N be an T-i-holomorphic map defined on an 
almost Hermitian manifold M^™. Then, the projected map ip : M —> N is weakly 
pluriconformal. 



Proof. If ip = n o ip, then ip is ( J*^, J^)-holomorphic: 

= dniJ^idipX)^) = J^d7r((dV^X)^) = J^d7r(dV^X) = J^d^X. 



Corollary III.6.2. Ifip : — )■ S+X is an T-L-holomorphic map defined in a Riemann 
surface, the projected map (p = n o ip is a weakly conformal map. 



(dV^(J^'^X))^ = J^(dV^X)^, VX G TM. 



Therefore, (p must be pluriconformal (Remark lIL1.3l) . 



□ 



Proof. Immediate from the preceding theorem and Remark llL1.3[ 



□ 



Recall from p.[64]that a twistor lift ip : M S+X is strictly compatible with (p = n o ^ 
if Lp is holomorphic with respect to the almost Hermitian structure defined by ip. 
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Proposition III.6.3. Let (p : M — )■ N be a smooth map on an almost Hermitian 
manifold M^™. Then, any strictly compatible lift ipofip is l-i-holomorphict. 

Proof. For any lift ^/^ of we have 

J«(d7/'X)« = (d^(JX))« ^ d7r(J«(d^X)«) = d7r((d^(JX))«) 
J^df^X = difJX. 

Hence, if is a strictly compatible lift of if, if) is 'H-holomorphic. □ 

We can therefore conclude that H-holomorphicity of a twistor lift depends only on 
whether the projected map is (or not) ( J^^, J^)-holomorphic. 

Proposition III.6.4. Let ip : M N"^'"- be a pluriconformal map from an almost 
Hermitian manifold M^"^ and let x G M. Then, there is some open neighbourhood 
U ^ M ofx and an Ti-holomorphic lift ip : U M ^ S+A^. 

Proof. From the preceding Propo sition llll .6.31 it suffices to construct a strictly compatible 
lift ip around the point x E M^™. As if is pluriconformal, we have a smooth map 77 : 
S+y S+v9"^TiV as in SectionHlLll Take any smooth section of the bundle T^^V; 
then, the map ^ in S+A^ obtained by composing with is a strictly compatible lift of 
(fi. □ 

III.6.2 j7^-holomorphic maps 

The following reduces to Il42l . Proposition 4.4 in the case m = 1: 

Theorem III.6.5 (Projections of jT^-holomorphic maps). Let ip : M^™ — )■ S+A^ be a 
-holomorphic map on a Hermitian manifold M^™. Then the projected map ip = tt o ip 
is real isotropic. 

^Notice that we are not claiming that such a lift exists; following the discussion on p. |64l a necessary 
condition for the existence of such a lift is weakly pluriconformality of (p. 
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Proof. Take z/^ to be a ^7 -holomorphic map to the twistor space E+A^. As in Section 
llll.li consider the almost Hermitian vector bundle {(p^^TN, (p^-^h^V^ ^,'^^), where 
ip = TT o tp. Then ip is (J^^, J^)-holomorphic (Lemma UlLUJ so that d(y9(T^°M) C 
T]^N ~ {p)~^TNY^. Since ip is jT^-holomorphic, using Corollary IIII. 1.31 we deduce 
VrioMdv2(T^°M) e {pi^^TNf^. We then see by induction that 

V^ToVd¥.(TiOM) G {^''TNf' ^ V-'iT^N), Vr > 1. 

Thus, 

< V'-.l^.MT^^M), V^ToVd<^(^'°^) >= 0, Vr, s > 1, 
showing that equation (III. 1.61) is satisfied and so p) is real isotropic. □ 

We look for a converse of this result, starting with the case where the domain is a Riemann 
surface. As in the "JT^^ case" (Section IIII.4I) . given a conformal map p> : — )■ A^^", 
consider the normal bundle V = {dp>TM)-^ C p)~^TN. But now take on the 
conjugate Hermitian structure (— J*^) on M and note that Ry' still vanishes. Therefore 
we still have a Koszul-Malgrange holomorphic structure on the bundle S+V, but now 
characterized by 

Sy is a holomorphic section if and only if V^w^s^ C s]^. (III. 6. 1) 

As before, we have a map r] : S+y S+A^ defined as in (IIII.4.2I) . Then (see [l42ll . 
Theorem 4.3), we have 

Theorem III.6.6. Let p> : — )■ N'^"' (n > 3) be a totally umbilic conformal immersion 
into an oriented even- dimensional manifold. Then, there is a (locally defined) J^- 
holomorphic lift of p> toT,~^N. Further, the following conditions are equivalent: 

(i) p> is totally umbilic. 

(ii) T] is {J^^^, J^) -holomorphic. 

(iii) T] is -stable. 
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This result is a particular case of Theorem IIIL6. lOl below. 

Notice that the class of maps given by projections (the class of real-isotropic maps) is not 
the same as the class of maps (the totally-umbilic maps) for which we can guarantee the 
existence of the lift, in contrast to the harmonic case, see also Remark llII.6.9[ 

In the proof of Theorem IIII.4.21 we used the alternative characterization of (1,1)- 
geodesic maps given in Lemma IIIL3.3[ In a similar fashion, totally umbilic maps can 
be characterized in the following way: 

Proposition III.6.7. Let : M^™ — N"^^ be a pluriconformal map defined on a 
Hermitian manifold M^"^ , n — m > 2. Then, the following conditions are equivalent: 

(i) if is totally umbilic at x. 

(ii) For all G Ti~^T^^N that render ip holomorphic at x, 

Vdip{T^'^M,T^'^M) CTj'^N. (III.6.2) 

The case n = m is also trivially true if we do not require the positivity of on (ii). The 
proof of this result will be an immediate consequence of the following lemma: 

Lemma IIL6.8. Let be a isotropic subspace in M^" C = C^" with complex 
dimension m < n. Consider the set S^iqM^" of all positive Hermitian structures J on 
^^"^ for which F^^ C TfM^n Then the set 

Qpu, = {m G C^" : M G T]°M2n^ y J G S+ioM^nj (III.6.3) 
coincides with F^^ if and only ifn — m > 2. 

Proof. In order to see what is going on, we start by checking the case m = 1 . Without 
loss of generality, assume that is spanned (as a C-subspace) by Ci — ie2- If n = 3, 
we deduce that Qpw is the set of vectors in ~ C'^ that belong to Tj^M^ for all 
J G S+M^ for which Jei = 62- Take Jq to be the usual Hermitian structure on 
and Ji defined by JiCi = 62, JiCs = 65, JiCg = 64 (notice that a basis for is 
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{ei, JiCi, 63, JiCa, 64, Jie4} = {ei, 62, 63, 65, 64, —cq} which is clearly positive). Then, 
taking u e Q^io, since u belongs to T^^R^" for both these structures, we deduce that 



there exist aij e C with 



u = aii(ei - ie2) + ai2(e3 - le^) + 013(65 - ice) 
u = 021 (ei - ie2) + 022(63 - ies) + 023(66 - ^64) 

10-10 





012 




ai3 








023 







-i +i 
1 i 
-i -1 

As the above matrix has nonzero determinant, we have 012 = 013 = 022 = 023 = 0, 
which shows that u G spanjei ^62}. Moreover, notice that if we had taken n = 2 
(corresponding to M"^), then there would have been only one positive Hermitian structure 
(namely, Jq) for which ci — ie2 lies in its (1, 0)-subspace; therefore, in that case, we would 
have Qpio = span{ei — ie^i 63 — ^64} 7^ F^^. 

For the general case, proceed by induction on j = n — m: for j = 2, n = m + 2 and we 
proceed exactly as above: assume that = span{ei — ie2, e2m-i — ^e2m}> take the 
two positive Hermitian structures Jq and Ji on ]R^'"+^ with J\e2i-i — 62^, 1 < i < m, 
Ji&2m+i — e2m+3> J\e2m+i — ^2m+2', both thcsc structurcs prcscrvc F^^ and, proceeding 
as before, if u lies in the (1, 0)-subspace for both Jq and Ji we deduce the existence of o^ 
with 

f 

u = Oii(ei - ie2) + ... + 01^(62^-1 - ie2m) 

+aim+l(e2m+l — ^e2m+2) + OiTO+2(e2Tn+3 — i&2m+4) 
U = 02l(ei - ^62) + ... + 02m(e2m-l " «e2m) 

+Q2m+l(e2m+l ~ ^e2m+3) + 0'2m+2{^2m+i ~ i^2m+2) 

10-10 
-i +i 
1 i 
-i -1 

and, therefore, u e 









Olm+2 




02m+l 




Cf2m+2 
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Assume now that the resuh is true for j = k > 2. Once again, assume that is 
spanned by {ei — ie2, e2m-i —^62^} and take u G Qpw. Since u belongs to the (1, 0)- 
subspace of any positive Hermitian structure J with Jei = 62, Je2m-i = ^2m we 
deduce that u belongs to (1, 0)-subspace of both the structures Jo (canonical Hermitian 
structure in ]R2m+2fc+2-) j^^ where Ji is defined as Jq for all {ej}j=i^..^2m+2fe~2 and 
Jie2ra+2k-i = e2m+2fc+i, Jie2m+2k+2 = e2m+2k (positivc with the same argument as 
before) so that there exist Ojj with 

U = aii(ei — 162) + ... + aim+fe-l(e2m+2fc-3 ~ ^e2m+2fc-2) 

+Olm+fc(e2m+2fc-l " '*e2m+2fc) + ^Im+fc+l (e2m+2A:+l " '^e2m+2fe+2) 

U = (321 (Cl — i^2) + ... + a2m+fc-l(e2m+2fc-3 ~ '^e2m+2fc-2) 

-\-0'2m+k{^2m+2k-l — 'i^2m+2k+l) + 0.2m+k+l{^2m+2k+2 ^ i^2'm+2k) ■ 

Hence, as before, aim+k = aim+k+i = and m G Rl"'^'^^ C ]R2m+2_ deduce that 
such a vector u lies in Rl"^^^'' C ]R2m+2fc+2^ ^^^^ 0)-subspace for 

any Hermitian structure on ]R2m+2fc ^jj-j^ { Je2i_i = e2i}i=i,...,m since any such structure 
induces a positive Hermitian structure on the all ]R2m+2fc+2 (^^[^\^ ^j^g additional condition 
Je2m+2fc+i = e2m+2A:+2) and u lies in (1, 0)-subspace of that Hermitian structure. By 
the induction hypothesis, the "if part of our result follows. The "only if part is a 
consequence from the observation that when n = m + 1, then Q is the (1, 0)-subspace of 
the only positive Hermitian structure J for which C Tj^M^" and Q ^ □ 

Proof of Proposition \III.6.7\ Let Lp he a pluriconformal map. If is totally umbilic, 
consider the isotropic subspace d^(Ti°M). Then, Vdip{T^^M,T^^ M) C dip{T^^M) C 
Tj^N for any strictly compatible with so that (ii) is satisfied. Conversely, if (ii) 
holds, then Vdip{T^°M,T^°M) C T}^N for all that render if holomorphic at x 
and therefore for all that preserve dv9(T^°M); in the notation of Lemma |III.6.8[ 
Vdip{T^^M, T^^M) C gdv(TioAf) = d^{T^^M) and is totally umbilic, as desired. □ 

Remark III.6.9. In Lemma IIII.3.31 we saw that ip is (1, 1) -geodesic if and only if, 
for each x E M, Vdip^{T^^M,T^^M) lies in the (1, 0)-subspace of some or all the 
almost Hermitian structures on T^(^x)N: the 5ome justifies the fact that maps obtained as 
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projections of jT^-holomorphic maps are (1, l)-geodesic, whereas the all guarantees the 
existence of a lift for a given (1, l)-geodesic map (plus, of course, the conditions stated 
in Theorem IIIL4.2I) . Now, for real isotropic and totally umbilic maps, the situation is 
different, since whether equation (IIII.6.2I) is satisfied for some or for all the the almost 
Hermitian structures on T^{^x)N results in different conditions. As a matter of fact, as we 
shall see, the latter condition is necessary to guarantee the existence of a lift to the twistor 
space, whereas the first (plus the integrability of the complex structure on the domain 
manifold) gives real-isotropy of the map. 

Theorem III.6.10 (j7^-holomorphic lifts of pluriconformal maps). Let Lp : M ^ N be a 

pluriconformal map from a Hermitian manifold M^"^ to an oriented even-dimensional 
Riemannian manifold iV^", n — m > 2. Define rj by (IIII.4.5I) . Then, the following 
conditions are equivalent: 

(i) ip is totally umbilic. 

(ii) T] is {J^^, J^)-holomorphic. 

(iii) 7] is -stable. 

Proof. Following the same ideas as in the proof of Theorem lin.4.21 we shall show that 
(i) =^ (ii) ^ (iii) =^ (i). Now, 7] will be (J^^^^ J^i)-holomorphic if it maps J^^^^- 
holomorphic sections into sections s^p^^ ~ J^p of Tj'^ip^^TN with diWj^ = 0. Using 
Lemma 11.2.21 diWj^ = if and only if Vt^ms^n — ^t^n- So, we must show that, if 
satisfies V^ioj^^s^^ C s^°, then Vtioa./s^°^ C s%, where = © dip{T^^M). 
Now, taking X^o, Y^^ e T^^M and Z^^ e 

The first term on the right-hand side of the above expression is not problematic, as 
Vg^Sy C from the very definition of our j7^^^-holomorphic structure (the third term 
is also non-problematic). Hence, we must make sure that, for all jT^^^'^-holomorphic 
sections V x^<^dip{Y^°) e © dip{T^°M) and V^{omSv ^ ® dip{T^°M). The 
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first condition is satisfied if and only if Vxiodv9(F^°) belongs to T]^N for every J^p that 
renders tp holomorphic; the second is then automatic since 

< V^^ioZi°,d^(Fi°) >= < Z^\Av{Y^^) >-< Z^o, Vxiodv.(Fi°) >= 0. 

Since cp is totally umbilic and M is Hermitian we deduce V^io 

so that the first part of our proof is done: we proved that (i) implies (ii). That (ii) implies 
(iii) is trivial. To show that (iii) implies (i): since r] is jT^-stable, using Lemma IIII.4.3I 
(a = 1) for each point x G and each Jy^ ~ s{P G S^K- we can find a smooth 
section Sy ~ Jy of S+V with r] o Sy = s^j^ ~ ( J*^, JT"^) -holomorphic at x and 
Sy{x) = Sy^. Then, using Lemma UlLLlI we can deduce ditujN^x) = so that using 
Lemma IT. 2 . 2 1 (equation (II.2.10I) ) we obtain 

VgoM^V ^ s'M^). (III.6.4) 

We can repeat this argument for all s^]y{x) obtained from some Sy{x): s^jy = Sy (B 
dip{T^^M); i.e., for all strictly compatible positive Hermitian structures on T^(^x)N, 
equation (IIII.6.4I) holds. Hence, proceeding as in the sixth step in the proof of Theorem 
IIIL4.1l we deduce 

vdv^.(xi°,ri°) G 4>d^.(Tf M) 

for all Sy^ G S^K. As n — m > 2 Proposition IIII.6.71 implies that p is totally umbilic, 
finishing the proof . □ 

Notice that for the implications (i) =^ (ii) =^ (iii) we only used the fact that p is a 
pluriconformal totally umbilic map, the fact m — n > 2 being irrelevant. In particular, 
a pluriconformal totally umbilic map admits a -holomorphic lift even in the case 
dim N - dim M = 2. 

Comparing with Theorem lin.4.2[ we see that we do not need to require the domain to 
be Kahler, but only Hermitian. In fact, we need the integrability of the structure to use 



"'Notice, moreover, that we do not really need cp to be totally umbilic: we only need VdLp{X^'^, to 
belong to the (1, 0)-subspace of every strictly compatible Hermitian structure: see also Proposition lIII.6.7] 
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Koszul-Malgrange Theorem (and we need this in both the J'^ and cases) but in the 
present result we used diUj = (whereas before we needed d2Ujj = 0). 

Finally, if (y9 is a totally umbilic conformal immersion then there is (locally) a ( J^^, J^^)- 
holomorphic map with = ir o tjj: asS+V^isa holomorphic bundle over for the 
j7^^^-holomorphic structure introduced, take any holomorphic section a of this bundle; 
then 1] o a = ijj is a ( J^^, JT^) -holomorphic map with ip = n o tp. 

III.7 The 4-dimensional case in detail 

In this section, we describe what is special to the 4-dimensional case. Firstly, given a 
conformal map : — A^'', with A^'' an oriented Riemannian manifold, there is one 
and only one strictly compatible lift 4'^ to S+A^ (and another, tp^ to T.^N). Therefore, if 
if is also harmonic, from Corollary IIII. 5 . 2 1 it follows that ^+ is -holomorphic. From the 
remarks to Theorem lIII.6.10[ if ip is also totally umbilic, it also admits a -holomorphic 
lift to S+ so that by uniqueness we conclude the existence of a twistor lift to S+ A^ which 
is simultaneously J'^ and -holomorphic. However, as we have seen after Theorem 
ini.6.10[ what is really important to guarantee that has a -holomorphic lift is that 
d'^(p G T}^N for all strictly compatible J^. If the map ip is real isotropic and d^^, dl^p 
are linearly independent, then, as they span an isotropic subspace, we can take to be 
the only (now not necessarily positive) almost Hermitian structure whose (1, 0)-subspace 
is spanned by those vectors: if is positive, by uniqueness of the lift and because dl^p E 
T]^N, it must be -holomorphic. Otherwise, is negative but still jT^-holomorphic as 
dl^p belongs to its (1, 0)-subspace. In conclusion, we can state the following result (see 
also W\ Y 

Theorem III.7.1. Let be an oriented Riemannian manifold and H^N, H^N its 

positive and negative twistor spaces, respectively. Consider a real isotropic map ip : 
— )■ A^*^. Then, at any point zq for which d^f 7^ 0, there are (unique) strictly 
compatible lifts ip^ and ip^ to S+A^ and H^N respectively of (p. Further: 
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(i) If dlipi^Zo) and dzf^Zo) are linearly independent, either or ip is -holomorphic 
around Zq. 

(ii) Ifd^if and are linearly dependent around zq both and ip^ are -holomorphic. 

First proof. Since Lp is real isotropic, the space F spanned by {S^v?, dl'^} is isotropic; 
therefore, if these two vectors are linearly independent, there is one and only one almost 
Hermitian structure for which the (1,0) tangent space is F; defines either ip^ 
or depending on whether is positive or negative (Definition II. 1.21) . The map 
Lp is holomorphic with respect to since dy9(T^°M) C Tj'^N and tp becomes J'^- 
holomorphic (as a map to T.^N or S~iV accordingly) since from real isotropy of (p it 
follows that VaTj^N C Tj^N. 

If d'^(p and d^^ are linearly dependent around zq, we deduce d'^^p E T]±N so that both 
and J^- are -holomorphic lifts of cp with the same proof as in Theorem IIII.6.10I 
(and remarks thereafter). □ 

We shall now give a second proof of (i) that will be useful in the sequel. We shall need 
the following: 

Lemma III.7.2. Let (p : — )■ A^^ a real isotropic map with {dz'p,d'^ip} linearly 
independent in an open set U C M^. Consider the real and imaginary part of d'^ip = 
u + iv, where 

u = Va^^a^v? - ^dydy'P and v = -V a^dyip - Va^d^ip 
for z = X + iy. Then, any almost Hermitian structure strictly compatible with ip is given 



by 



J{d^ip) = dyip; 
J{u) = ±v. 



(III.7.1) 



Proof. We shall do the proof in several steps: 
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(i) One always has 

= II^j/VjII; < d^ip,dyip >= 0; 

= <u,v>=0; (III.7.2) 

< u, dx^p >= — < V, dyip >; < u, dyip >=< v, dx^p > ■ 
In fact, conformality implies the first two equations and the other equations follow from 

<a,v,a,v>=<9,^,9,v >=o. 

(ii) u G d(p{TM) if and only ifv e d(p{TM): 

If M G dip{TM), then u = adx'p + hdy^p where < m, dx^ >= aWdx^W^ and < u, dyip >= 
bWdyipW^. Therefore, \\u\\^ = (a^ + b'^)\\dx(p\\'^. On the other hand, using (IIIL7.2I) . < 
v,dx'p >= bWdyipW^ and < v,dyip >= —a\\dx'^\\'^ so that || projd,^(T^^) f P = (a^ + 
Since = \\v\\ from (IIII.7.2I) . we have ||f|| = || proj^^j-yA'/) ^11 so that 
V G d(p{TM). Interchanging the roles of u and v gives (ii). 

(iii) u G d(p{TM) if and only ifd'^cp = Xdz(p: 

If M G d(p{TM) (so that also v G dip(TM)) then, with the same argument as above, 

u = adxf + bdyip and v = bdxif — adyip so that 

d^ip = u + iv = {a + ib)dx'p + {b — ia)dyip = (a + ib){dx'p — idyip) = Xdz^p. 
Conversely, if d^if = Xd^ip, we can deduce the existence of a, 6 G M with 

u + iv = {a + ib){dx'p — idyip) = adx^p + bdyip + iibOx^p — adyip) =^ u,v E dip(TM). 

(iv) Let us now finally prove that any strictly compatible almost Hermitian structure is 
given by (IIII.7.1I) . Such a structure must have J{dx'p) = dy^p as it is compatible with 
(p. On the other hand, since we are assuming that dzip and d'^^p are linearly independent, 
we know that u and v do not belong to d(p{TM). Hence, Ju cannot lie in dLp{TM) 
and equations (IIII.7.1I) completely determine J. Take u = u — proj^^crM) ^- We have 



< v,u >= using (inr 



so that V = V — proj^^(TM)V lies in the orthogonal 



"More explicitly, we use (IIII.7.2I I and WoidipiTM)"^ ~< u,dx^ > WdxfW '^dxf+ < u,dyLp > 

\\dyip\\-^dyip. 
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complement of span{M, dip(TM)}. Finally, that = \\v\\ is easy to verify. Therefore, 
{dx'f,dyip,u,v} form an orthogonal basis for TN with ||tt|| = \\v\\. As J is almost 
Hermitian and preserves d(f{TM), it must map u to ±v. Hence, Ju = ±v; this implies 
that J{u) = ±v. □ 

Second proof of Theorem \III.7.1\ ( i). As before, consider the real and imaginary part of 
dl(f = u + iv. Then, any almost Hermitian structure strictly compatible with (p verifies 
J{u) = ±v. Let be the structure given by J^{u) = —to. It follows that d^tp = 
u + iv = u — iJ^u G T]^N and the map ip is jT^-holomorphic since T]^N is spanned by 
{dz'Pi dl'p} and W qTj^N C T]^N as in the first proof, from ip isotropy. □ 



III.7.1 Examples of totally umbilic and real isotropic maps 

Example III.7.3 (Holomorphic maps are real isotropic). If (p : M N is a holomorphic 
map between Hermitian manifolds, then (p is real isotropic. Compare this result with 
Proposition lIII.2. ll and Proposition IIII.3 . 1 1 In fact, 

d(/)(ri°M) C T^°iV, VTioMd¥?(ri°M) C Vt^omT^^N C T^^N, ... 

so that all V^ioA^d^(Ti°M) C T^^iV; by isotropy of Ti°iV, the result follows. 

Example III.7.4 (Pluriconformal, totally -umbilic and real-isotropic maps). If (p : 
M — !■ A^, is a pluriconformal totally umbilic map from a Hermitian manifold M, 
then ip is real isotropic. In fact, V<\ip{T^^M,T^^M) C <\ip{T^^M). Hence, since 
M is Hermitian, VTioA/V^'"*Mv?(ri°M) C V Md^{T^^ M) C d^{T^^M) and, 
inductively, V:^io^^dv9(T^°M) C dipiT^'^M). From pluriconformality of ip, it follows 
that (III. 1.61) holds and, therefore, (p is real isotropic. 

Example III.7.5 (A non-holomorphic example of a real-isotropic (and totally umbilic) 

'^Therefore, J^, G S+A^ or Y,^ N according as {^x^p^ dy(p, u, —v} is a positively or negatively oriented 
basis for TN. 
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map). Let : C ^ be the map defined by 



Then, we have 



(ni.7.3) 

z {z'^ + z, z^ + z). 



^ = (2.,2.)a„d^ = (2,2) = ..g. 



Example III.7.6 (Holomorphic submersions are totally umbilic). If (f : M ^ N is a 
holomorphic submersion between two Hermitian manifolds, then it is totally umbilic. In 
fact, we have 

Vd(/7(r^°M, r^°M) C Vtiom d(/?(r^°M) +dip(VT^T^^M) C d(/?(r^°M). 

C d(fi{T'^°M) = T^°N C t1°M 
^ V ' V ' 



(III.7.4) 



C T'^°N = d<p(T'^°M) C dip(T'^°M) 

Example III.7.7 (A holom-orphic totally umbilic map). The map 

{z, w) {z'^ + w^, z'^, w^) 
is a totally umbilic map, since 

f = (2z,2z,0), l^ = {2w,2w,0) and 

& = (2,2,0), S = (2,2,0), i^ = {OAO). 

Example III.7.8 (A totally umbilic non-holomorphic map and its lift). Consider the map 

(ni.7.5) 

z ^{z + z,z — z). 

This a totally umbilic map. We find a JT^ -holomorphic lift: take z = x + iy and define 
J{x,y) as the (constant!) Hermitian structure given by J{x,y){ei) — 63, J{x,y) — 64, 
where ~ M^. Consider the map 

(in.7.6) 

{x,y) ^ (/(x,y), J(x,y)); 
it is easy to check that t/j isa iJ^-holomorphic lift of (p. 
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III.8 Summary 



We summarize the main results of this chapter as follows 



ip : M^"^ E+N j2.holomorphic 

if M^"^ (1, 2)-symplectic 




ip harmonic (and pluriconformal) 
if M^™ cosymplectic 



„2 \ 9? (1, 1) -geodesic (and pluriconformal) 

if Rj^ — ~ — 



andM^"^ Kahler 

ijj : M^"* Y^'^N J'^-holomorphic (p real isotropic if M^"* Hermitian 

if (fi totally umbilic and R'^ = 

ijj : M^"* ?^-holomorphic (p ( J^, J^)-holomorphic 
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Chapter IV 

Harmonic morphisms and twistor 
spaces 

Following the idea on p. [52l we shall construct harmonic morphisms Lp : M^™ — )• C by 
finding maps that are holomorphic with respect to some almost Hermitian structure on 
M^™ (which guarantees that ip is horizontally weakly conformal). These maps will have 
pluriminimal (hence, minimal) fibres. On the other hand, pluriminimal submanifolds 
can be constructed as the image of a pluriharmonic holomorphic map from a complex 
manifold into any almost Hermitian manifold (Theorem lII.2.51) . Finally, Theorem IIII. 3 .41 
tells us how to construct maps ip which are (1, 1) -geodesic (pluriharmonic, when the 
domain is Kahler) as projections of -holomorphic maps if) into the twistor space. 
Hence, to obtain a harmonic morphism, we need to find suitable -holomorphic 
variations H of those -holomorphic maps. Notice that we could think of choosing H 
to be i7^-holomorphic. However, some immediate problems would arise: first of all, 
is never integrable and it would therefore be difficult to produce such holomorphic maps. 
On the other hand, as we look for maps from the complex manifold N x P, the fact that 
h = n o H is a holomorphic (local) diffeomorphism would imply that the induced almost 
complex structure J on M^™ is integrable: but together with jT^-holomorphicity we 
would conclude that (M^™, g, J) is Kahler and, therefore, few harmonic morphisms could 
be constructed this way. Finally, we could try to construct -holomorphic maps whose 
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domain is not necessarily a complex manifold; however, in such a case, we would have the 
problem noticed in Remark |IIL2[ the fibres may not be minimal! These observations lead 
us to the search for jT^-holomorphic maps which are simultaneously jT^-holomorphic in 
some variables (i.e., horizontal in those variables), as we shall see below. 

Note that when the codomain is a complex manifold of higher dimension, our construction 
will give holomorphic maps with superminimal fibres, and hence holomorphic families 
of superminimal (and so, minimal) submanifolds. 

IV. 1 Harmonic morphisms with superminimal fibres 

As motivated above, we have the following result, obtained in joint work with 
M. Svensson (031): 

Theorem IV.l.l. Let A^^" and P^^ be complex manifolds and M^("+p) an oriented 
Riemannian manifold. Denote by tti : N x P ^ N the projection onto the first factor 
Assume that we have a -holomorphic map 

H -.W CN xP ^ S+M, {z, ^ H{z, 0, 

defined on some open subset W, such that 

(i) /or each z, the map P 3 ^ ^ H{z,^) G S+M is horizontal on its domain; 

(ii) the map h = n o H is a diffeomorphism onto its image. 

Then, the map tti o h^^ : h{W) (1 M ^ N is holomorphic and has superminimal 
fibres with respect to the Hermitian structure on h(W) defined by the section H o h'^. In 
particular, when n = 1, vri o h^^ is a harmonic morphism. 

Proof. Let us write Lp = iiioh^^. The map Lp is holomorphic with respect to the Hermitian 
structure on M defined by the section i/o/i^ofS+M. The fact that H is horizontal in 
its second argument implies that this complex structure is parallel along the fibres of (p, 
i.e., Lp has superminimal fibres. □ 



IV. 1 Harmonic moq)hisms with superminimal fibres 
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Remark IV.l.l. When M is not orientable a similar result is also clearly true; we must 
of course replace S+M with S M, the bundle of all orthogonal complex structures on M. 
On the other hand, we may replace S+M by any smaller subbundle invariant under J'^ 
and J^. 

Remark IV.1.3. One could ask whether there is a similar construction to this yielding 
holomorphic maps to some Kahler manifold, the fibres of which are pluriminimal 
(therefore, still minimal) but not necessarily superminimal. In the case n = 1 that 
produces harmonic morphisms the answer is negative, as pluriminimal and superminimal 
coincide by Proposition IIL2 .41 

We also have a converse of this result (pSl): 

Theorem IV.1.4. Assume that (M2("+p), J) is a Hermitian manifold, N'^"' a complex 
manifold and (f : M ^ N a holomorphic submersion with superminimal fibres. Then, 
around any point x G M there exists a neighbourhood W of (v5(x), 0) G x and a 
holomorphic map 

H -.W CN xCP ^ S+M, 

horizontal in the second argument, such that tt o H is a diffeomorphism onto a 
neighbourhood of X and 

Proof. From Corollary II.4.81 integrability of J is equivalent to the fact that the map aj : 
M —7- S+Af induced by J is J'^-holomorphic. As the fibres of (p are superminimal, aj 
will map these into the horizontal space of S+M. 

Fix a point x E M and a holomorphic chart 

r]:W CN xU' CM 

with (f{T]{z,^)) = z; this is possible as (p is submersive. The map H = aj o r] is 
holomorphic as it is the composition of holomorphic maps. On the other hand, aj is 
horizontal along the fibres, forcing H to be horizontal in its second argument. □ 
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Remark IV.l.S. When n = 1, i.e., N is a Riemann surface, the condition that J be 
integrable on M is automatic from the fact that if has superminimal fibres, see [[61, 
Theorem 7.9.1, p. 228. 



IV.2 Examples 



The following constructions were obtained in [[43 



IV.2.1 Maps from Euclidean spaces 



We construct local harmonic morphisms ip : M^" — )■ C using Theorem IIV.I.II An 
approach similar to this has been used in [5] (see also [6]), and we follow the notation 
set out there. 

It is well known that (S+(]R^"), JT^) is a complex manifold, and following [[51 we can 
easily construct a chart. For each g G C" = M^" and each fi = (/ii, /in(n-i)/2) G 
Qn(n-i)/2^ let M = M{fi) e 50{n, C) be the matrix with entries 

/ ^ 











\—f^m-l —f^2m-3 ~/^3m-6 ••• J 

Then n determines the positive almost Hermitian structure J{fi) on T^M^" whose (1, 0)- 
cotangent space is spanned by dq^ — Mjdq^ . For each (g, /i) we define w E hy 
= — MXq\ and this gives a holomorphic chart on an open dense subset of S+(M^"), 



defined by 



i) : (g, ^ {w,fi) e C" X c"("-^)/l 



A holomorphic map / : C" — )■ S+(M^") is horizontal if and only if n(f(z)) is constant. 
Hence, any holomorphic map H : C'' x C'^^ — )• S+(M^") such that 



IV.2 Examples 
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(i) = TT o : C" — !■ C" is a local diffeomorphism, where vr : S+ — M^" is the 
natural projection, and 

(ii) ^p o H{z, ^) = {u{z,^), fi{z)) is holomorphic, 

will define a holomorphic map tti o h^^ with superminimal fibres. When k = 1, this will 
be a harmonic morphism. 

Example IV.2.1. Take n = 3, A: = 1 and choose H : C x ^ S+(RS) defined by 



where 

function and 



1+ ||z||2' 1 + ||zP 

/ 

M(/x(z)) = 



/(2;) — ^1 — G )' / is any holomorphic 



v 



z 
-z 

oy 

As ^jj{H{z,^)) = ((,^1, fiz) — ^1 — ^2), 0, 0)), we deduce that H is horizontal in ^; 
the resulting harmonic morphism Lp(q) = z will be a regular solution to the equation 



f{z) + q^ + q^ + z{f - f) - = 0. 



Choosing for example f{z) = z, gives the map 



q — q — q 
1 + - g2 



IV.2.2 Maps from complex projective spaces 

Let us denote by G'p(C^+'^) the Grassmannian of p-spaces in C^+'?. Our first result 
shows that there are only a few cases which allow non-trivial constructions of harmonic 
morphisms to surfaces ( HBI ). 

Proposition IV.2.2. LetU C Gp(C^+'^) be open and assume that J is an almost Hermitian 
structure on U. If p + q > 4:, then any holomorphic map (p : {U, J) — )■ A^^ to a 
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Riemann surface with superminimal fibres is ±holomorphic with respect to the usual 
complex structure on Gp{€P^''). 

In particular, when n > 3, any map from some open subset of CP" to a surface, which is 
holomorphic with respect to some almost Hermitian structure on this subset, is necessarily 
ibholomorphic with respect to the usual complex structure on CP". 

Maps from CP^ 

We construct a holomorphic map from an open dense subset of CP^. Let Z be the flag 
manifold consisting of all orthogonal decompositions 

C^ = El © ^2 © ^3, 

where 

dimi?i = 2 and dimP2 = dimi?3 = 1. 
This is a complex manifold; its complex structure is induced by the embedding 

Z 3 {E,, E,, E;) ^ (El, E, © E2) e G2{C^) X GsiC^). 

The space Z is fibred over CP^ by the mapping 

7^:Z^CP^ 7r{Ei,E2,E3) = E2. 

With each such decomposition, we obtain a positive orthogonal complex structure J on 
Te^CP^ by identifying 

TgCP^ = Hom(E2, E^) © RomiE^, E^) 

in the usual way (see, e.g., ^231), and defining the (1, 0)-subspace of J to be 

Hom(Ei, E2) © Hom(E2, Ps)- 

This embeds Z as a subbundle of S+(CP'^); the complex structure on Z is easily seen to 
be the restriction of J'^ to Z. 



IV.2 Examples 
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Alternatively, as a bundle over CP^, Z may be identified with the Grassmannian 
G2(T^'°CP3) of 2-dimensional subspaces of T^'^CP^ see e.g., [[H, page 59. 

As a homogeneous space, we have 

^ ^ U(4) 

U(2) X U(l) X U(l)' 

As it is well-known (see, e.g., [|23l), Z carries a U (4) -invariant distribution, the horizontal 
distribution, which we denote by T-L. This distribution is transversal to the fibres of tt and 
has the property that, under the embedding of Z into S+(CP^), it is mapped onto the 
horizontal distribution of S+(CP^). 

Following the strategy laid out in the previous section, we aim to construct a holomorphic 
map (z,^) H- i- H{z,^), horizontal in ^ with the property that the induced map h = n o H 
is a diffeomorphism onto its image: 

C^xC^U^ (IV.2.1) 




Then tti o h ^ will be holomorphic and have superminimal fibres with respect to some 
(integrable) Hermitian structure on the image of h. 

The map H is given by two holomorphic maps 

with the property that / C s at every point. The condition that H is horizontal in ^ can be 
expressed by the condition 

dj C s, 

see, e.g., 

To find such /, recall that we have an inclusion mapping with image on an open, dense 
subset 

Hom(C2,C2) G2(C^), 
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obtained by associating to a linear map : ^ = (C^)"'" ^ its graph, regarded 
as an element in G2{C^). Thus, assuming that / takes values in Hom(C^, C^), we may 
write 



/ 



a /3 
.7 5, 



where a, 13, 7 and 5 are holomorphic, complex valued functions on x C. This means 
that 

/ = spanc{ei + ae^ + 764, 62 + ^e^ + (^64}, 
where {ej}^^]^ is the standard basis for C^. 

In a similar fashion, we have Hom(C^, C) C G3(C^), and we may thus write 

s — [u V ivj , 
for some holomorphic functions u, v and w on U, so that 

s = span^jei + ue^, e-i + ^64, 63 + we/^. 
In general, a vector ae\ + 6e2 + cea + de^ belongs to s if and only if 



= det 



A 



— au ^ hu ^ cw — d. 



a 1 
6 10 

c 1 

\^ U V w j 

The requirement that (^,0 ^ H{z,^) takes its values in Z and is horizontal in ^ is thus 
expressed in the following equations: 



(IV.2.2) 



u + aw — 7 = 
v + pw-S =0 
wd^a — (9^7 = 
- d^S = 0. 

We can thus choose w, a and ^ arbitrarily; this will determine 7 and 6 up to additive 
functions of z, and from these, u and v will be determined. 
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The induced map h is given by fl s = [xi, X2, x^^Xi] E CP^; hence 



XiU + X2V + XsW — X4 = 0, 



Xi + Xstt + X47 = 0, 



3^2 + X3/3 + X46 = 0. 



Solving these equations using the two first equations of (IIV.2.21) . we get 




1) 
1) 



> 



(IV.2.3) 



It is now easy to construct maps H satisfying the conditions of Theorem llV.l.li 
Example IV.2.3. We may choose our data as 



The last two lines of (|IV.2.2I) are satisfied, and a lengthy calculation shows that the map 
h is given by h{zi,Z2,0 = [xi, X2, x^^ X4], with xi, X2, Xs, 0:4 defined by (IIV.2.31) is a 
diffeomorphism in a neighbourhood of the origin. Thus it induces a map from a subset 
of CP" to C^; this map is holomorphic with respect to some Hermitian structure and has 
superminimal fibres. 

Example IV.2.4 (Harmonic morphisms with superminimal fibres). We next construct a 
harmonic morphism Lp : CP'^ — )• C with superminimal fibres. For that, we consider a 
scheme similar to (|IV.2.1I) . now changing the roles of C and C^: 



a = e + 2:1, /3 = e + 2^2, = 2e, 7 = + 2:1, 5 = + Z2. 



H 



z 



(IV.2.4) 




C 



As before, we look for maps / and s. 
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(IV.2.5) 



with / C s and C s (z = 1, 2). These conditions are equivalent to 

u + aw — 7 =0 

v + /3w-6 =0 

wd^^a - %7 = 0, i = 1,2 

«;%/3-%5=0, ^ = 1,2. 
Choose w = P{z), a = Q{ii), P = i.R{^2), 7 = w-a and 5 = w.(5, where P,Q and 
R are arbitrary holomorphic functions (for instance, polynomials) with P(0) = (5(0) = 
-R(O) = and first derivatives at the origin given by nonzero real numbers p, q and r. The 
last two equations in (IIV.2.51) are satisfied since 

%7 = and %5 = c<;.%/3, i = l,2 

and equations (IIV.2.31) simplify to 



Xi = — q;(1 + \'w\ ) 

X2 = -P{1 + \W\^) 
X3 = l 
X4 = W. 

Hence, the map H we obtain to CP^ will be a local diffeomorphism around the origin if 
and only if it is a diffeomorphism the map defined by if = {xi,X2, x^j. We have 



%,a,6)^(0) 

So, as a real map H : 





p 



and d, 



^(0) 



-g 
ir 




\ H has derivative at the origin given by 






-Q 





























r 


p 





























Q 











r 




















p 
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with nonzero determinant as we assumed that p, q and r are different from zero. Hence, H 
is a local diffeomorphism and it defines a (local) harmonic morphism Lp : CP^ — )■ C with 
superminimal fibres. Notice that cp is holomorphic with respect to the complex structure 
on CP^ defined by H (Theorem IIV.I.II) but also with respect to the canonical complex 
structure on CP^ (Proposition IIV. 2 . 2l) . 
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Chapter V 

Jacobi fields and twistor spaces 

The infinitesimal deformations of harmonic maps are called Jacobi fields. They satisfy a 
system of partial differential equations given by the linearization of those for harmonic 
maps. The use of twistor methods in the study of Jacobi fields has proved quite fruitful, 
leading to a series of results ( OTll . Il36l . [El). In ||32]| and Il33]| several properties of Jacobi 
fields along harmonic maps from the 2-sphere to the complex projective plane and to the 
4-sphere are obtained by carefully studying the twistorial construction of those harmonic 
maps. In particular, relating the infinitesimal deformations of the harmonic maps to those 
of the holomorphic data describing them. In this chapter, we show how results in Chapter 
mil extend to "first order parametric versions", providing this way a unified twistorial 
framework for the results in [|32l and |[33l . 

V.l Jacobi vector fields along harmonic maps 

Given a harmonic map ip : M N and a (smooth) vector field v E T{ip~^TN) along it, 
V is said to be a Jacobi field (along (p) (see e.g., [fTSll . p. 11, [|52]| ) if it satisfies the linear 
Jacobi equation J^piy) = 0, where the Jacobi operator is defined by 



Jifi'i^) = — trace R {dip, v)dip. 



(V.1.1) 
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Here, A is the Laplacian on Lp ^TN: 
Av = - y^{Vt.\t\ - V^M ^v) {Xi orthonormal (local) frame for TM) (V.1.2) 

% 

and 

trace i?^(dy?,t;)d(^ = {^>^Xi,v){A>^Xi). (V.1.3) 

i 

Jacobi fields are characterized as lying in the kernel of the second variation of the energy 
functional (III.2.1I) . Indeed, if ^ is a two-parameter variation of a harmonic map v5(o,o)j 
then, writing v = ^ | q-, and w = ^ | j^^, the Hessian of is the bilinear operator 
onT{^-^TN) given by 



(0,0) 



< J^{v),w > {x)dfXMix) (V.1.4) 



AI 



SO that a Jacobi field v (along Lp) is characterized by the condition 

H^{v, w) = 0, \fw. 

As we stated in the introduction, the main idea is to generalize the results from the 
previous chapters, where no parameter t is involved (and to which we shall refer as non- 
parametric), to first order parametric versions. 

Given a (family of) map(s) cp : I x M ^ N , {t, x) ^ 'P>t{x), we say that is harmonic 
to first order if 

<Pq is harmonic and §i\^^Q'T{'^t) = (V.1.5) 

where ^\^^QT{(pt) = V'^g ,'^^T{(pt) and t {(ft) = trace Vdy^t G (f~'^TN. Note that, 
writing T{Lpt) as '^T~{(pt)jd^j where (V^i, ...,ipn) are local coordinates for N, condition 
(IV. 1.51) is equivalent to the requirement that T{(po)j = ^ {T{(pt)j) = for all 1 < j < 



n(m). 

Equivalently, (p is harmonic to first order if and only if T{ipt) is o(t). 

Let (y9o : M — > be a harmonic map between two manifolds M and A^. Let v E 
T{(Pq^TN) be a vector field along cpQ and let (p : I x M ^ N a one-parameter variation 
of (pQ. We say that ip is tangent to t> if f = ^ |^_g. 
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The following result is a key ingredient in what follows ( 11321 ): 

Proposition V.1.1. Let ip^ : M ^ N be a harmonic map between compact manifolds 
M and N. Let v E T((pQ^TN) be a vector field along cpo and Lp : I x M ^ N a 
one-parameter variation of(fQ tangent to v. Then, 



d_ 

di 



r 



(pt) = ~Mv). (V.1.6) 



In particular, v is Jacobi if and only if any tangent one-parameter variation is harmonic 
to first order. 

We have seen in Corollaries IIII.5.2I and IIIL5.1I that harmonicity was not enough 
to establish a relation with possible twistor lifts of a map: conformality (or 
pluriconformality) was also a key ingredient, as maps obtained as projections of twistorial 
maps must be holomorphic with respect to some almost Hermitian structure along the 
map. On the other hand, when the domain is the 2-sphere, harmonicity implies (weak) 
conformality or even real isotropy, the last case occurring if the target manifold is itself 
also a sphere or the complex projective space (p.|47]and references therein). 

Let be a Riemann surface and (p : I x M ^ N a smooth map. The map </> is said 
to be conformal to first order if (see [ISTTl : compare with the condition of conformal map 
from a Riemann surface (III. 1.41) ) 

d 



bo is conformal and — 

ot 



<d,(l)t,d,(Pt>=0. (V.l. 7) 

t=o 



Equivalently, conformality to first order is the same as requiring < c?2 0t, 9^0^ > to be 
o(t). Analogously, is said to be real isotropic to first order if (see IISTI : compare with 
Definition 1LL41) 

d 

(f)Q is real isotropic and — 

In the same spirit, is said to be complex isotropic to first order (see llSTI ) if 

d 



<dl<Pudl<Pt>=Q. Vr,s>l. (V.1.8) 

t=o 



ho is complex isotropic and — 



< V;7_\9f 0, V^7-\5f 0i >Herm= 0, Vr, S > 1. 
t=0 

(V.l. 9) 
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As in the non-parametric case (p. |47] and references therein), harmonicity to first order 
implies conformality to first order for maps defined on S"^ and even real isotropy when 
the codomain is itself a real or complex space form. More precisely, we have the following 
dlSTTl . Propositions 3.2, 3.4 and 4.4): 

Proposition V.1.2. Let y^o : S"^ — )• A^" be a harmonic map from the 2-sphere and v a 
Jacobi field along (f. Then, any smooth variation of (fo tangent to v is conformal to first 
order Moreover, if is a space form (respectively, a complex spaceform), any such 
variation is real isotropic (respectively, complex isotropic) to first order^. 



V.2 Twistorial constructions 

As we have seen, Jacobi fields induce variations that are harmonic (and, in some cases, 
conformal or even real isotropic) to first order. On the other hand, in Chapter Hn] we have 
seen that conformality, harmonicity and real isotropy of the map corresponds to "H, J"^ 
and J'^-holomorphicity of the twistor lift if). The question that naturally arises is whether 
these results have a to first order version and this is what we shall answer in the following. 

First of all, we need the notion of map holomorphic to first order. 

Definition V.2.1. Let (M, J) be an almost complex manifold and (Z, h, J) an almost 
Hermitian manifold. Given a smooth map : / x M — Z, we say that i}) is holomorphic 
to first order if 

: M ^ Z h holomorphic and (V.2.1) 

VtTi {dV'i JX - J^d^tX} = yXeTM (V.2.2) 

where V is the Levi-Civita connection on Z induced by the metric h. Moreover, if TZ = 
7/ © V is a jT-stable decomposition of TZ, orthogonal with respect to h, we shall say that 
■ip is Ti-holomorphic to first order if (compare with Definition II.4. 41) 

[dipoJX) = J^dipoX) (/.e., is "H-holomorphic) and (V.2. 3) 

'in particular, when A^" is a complex space form, ip is also real isotropic to first order; see Section IA3] 
for more details. 
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Vtr, {{d^tiJX))^ - J^id^tX)^} = ^XeTM (V.2.4) 

where is the restriction of J7 to "H. Changing "H to V gives the definition of V- 
holomorphicity to first order. 

In contrast with the non-parametric case, it is not obvious that j7-holomorphicity to first 
order implies H-holomorphicity to first order. As a matter of fact, from (IV.2.21) . it follows 
that (V e_| {di)t{JX) - JdiptX})'^ = but this is not (IV.2.41) . However, we do have 

8t \t-0 

the following: 

Lemma V.2.2. Let ip : {M,J) {Z,h,J) be a smooth map and let TZ = H ®V be 
a J -stable decomposition of Z, orthogonal with respect to h. Then, ip is holomorphic to 
first order if and only ifip is both Ti and V -holomorphic to first order 

Proof. Assume that -ip is holomorphic to first order, so that (IV.2.11) and (IV.2.21) hold. Then, 
(IV.2.31) is satisfied. As for (IV.2.41) we have 

(IVZ4l) ^< V I {{diptJX)'^ - J^{dilJtX)^},Y >=0, VYeTZ 

8t lt=0 

^ (since dV231) holds) f j^^g < dipt J X - JdiptX, >= 

^<Vjt\ {diptjx - jdiptX},Y'^ > + <diPoJx - jdipoX,v jt\ y^>=o 

et lt=o St It^o 

^ {ipo is holomorphic) (V a| {diptJX - JdiptX})^ = 0, 

which is true since ip is J'-holomorphic to first order. Hence, ip is H -holomorphic 
to first order. Changing "H to V shows that ip is V-holomorphic to first order. As 
for the converse, assume that ip is both T-L and V-holomorphic to first order. Then, 
since ipo is both "H and V-holomorphic, we immediately deduce that ipQ is holomorphic. 
As for equation (IV.2.21) : using the above equivalences, from "H-holomorphicity to first 
order and ipo holomorphicity we can deduce (Vjii {dipt J X — J'diptX}) = 0; 

8t lt=o 

similarly, (V e^i {diptJX — J'diptX}^ = 0. Adding both these identities gives 

et \t=o 

V_s I {dipt J X — JdiptX} = 0, showing that ip is holomorphic to first order and 
concluding our proof. □ 
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Remark ¥.2.3. The importance of choosing the Levi-Civita connection on Z is illusory. 
In particular, we can define the concept of holomorphicity to first order {or T-L, V- 
holomorphicity to first order) for maps defined between almost complex manifolds, not 
necessarily equipped with any metric. In fact, if 7/ © V is any jT-stable decomposition 
of TZ and ip : I x (M, J) — )• (Z, h, J') a smooth map, tp is holomorphic to first 
order (respectively, "H or V-holomorphic to first order) with respect to the pull back 
of the Levi-Civita connection V on (Z, h, J') if and only if ^ is holomorphic to first 
order (respectively, T-L or V-holomorphic to first order) with respect to the pull back of 
any connection V on Z. Indeed, letting {Yj} denote a (local) frame for TZ, if tjj is 
holomorphic to first order with respect to V then (IV.2.21) holds. Now, 



d 



at \t^o (yt 



i=0 



equivalently, 

d 



dt 



{id^tJX-Jd^tX)j).Yj + idtlJoJX-Jd^oX)j.V\, Yj} = 0. (V.2.5) 

t=0 dtlt^O 



Since ip is holomorphic to first order, it further satisfies (IV.2.11) . so that (IV.2.51) is 
equivalent to 

^ {{d^tJX-Jd^tX)j)=0, Vj. (V.2.6) 

Now, since equation (|V.2.1I) does not depend on the chosen connection, we can deduce 
that holomorphicity with respect to V reduces to the same condition (IV.2.61) . Thus, ^ 
being holomorphic to first order does not depend on the chosen connection. For "H 
(respectively, V) holomorphicity to first order we use similar arguments, replacing {1^ } 
for a horizontal (respectively, vertical) frame. 

Remark ¥.2.4. If one is looking for maps to S+A^ which are holomorphic to first order, 
the first thing we need is a metric on the twistor space and the Levi-Civita connection 
associated with it. We can define such a metric h'ma natural way: let (x, J) G S+A^ and 
consider the tangent space at this point, r(a; j)S+A^ = "H © V. We know that we have the 
identifications "H ~ T^N and V ~ mjiT^N). To get a metric on "H, transport the metric 
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from that on T^A^; i.e., 

h{X, Y) =< d7r(,,j)X, d7r(,,j)F >, \/X,Yen, (V.2.7) 

where <, > denotes the metric on at a; = n(x,J). For the vertical space V ^ 
mj(TxN) C C{TxN,TxN), we can consider the restriction of the metric on the space 
C(TxN, TxN), the latter being defined, as usual, by 

hc{V, W) = ^<Vei, Cj >< Wei, ej>,V,W e C{T^N, T^N), {e^} orthonormal. 

(V.2.8) 

Hence, 

h{V, W) = hc{V, W), yV,W eV. (V.2.9) 
Finally, we declare "H and V to be orthogonal under the metric h; i.e., 

h{x, V) = o, en,V eV. (V.2.10) 

For this metric, the decomposition "H © V is orthogonal and ^/"-stable and the projection 
map TT : S+A^ N is a Riemannian submersion. It is also easy to verify that 
(S+A^, h, J") (a = 1, 2) are almost Hermitian manifolds (i.e., h^J^^X, J^Y) = h{X, Y) 
for all X, Y E TS+A^). Thus, considering the Levi-Civita connection associated with 
this metric, it makes sense to speak of maps being J^^Jor J'^) holomorphic to first order, 
as well as of maps "H (or V) holomorphic to first ordec. 



V.2.1 The 7/-holomorphic case 

Recall from p. [64lthat a twistor lift ^ of the map is called strictly compatible with ip if 

y9 is holomorphic with respect to J^. If preserves dLpiTM) but does not necessarily 

render ip holomorphic, the twistor lift is called compatible with Lp. In the non-parametric 

case, given a conformal map ip : — > A^^*^, we can always find lifts if) : — )■ S+A^ 

^Notice that, since and coincide on % we do not have to specify whether we are considering 
or H-holomorphicity; the same does not hold for the vertical part, case where we do have to specify 
whether V-holomorphicity is with respect to with or J^. 
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such that if is holomorphic with respect to J.^,. In other words, (locally defined) strictly 
compatible lifts always exist. In general, this lift may not be or J"^ -holomorphic but 
it is -holomorphic. Let (pt be a variation conformal to first order of the map (p. Then, 
if a lift t/jt to the twistor space that makes ipt holomorphic for all small t exists, (pt is 
necessarily conformal for all small t, which may not be the case. So, even if conformality 
is preserved to first order, there might be no strictly compatible twistor lift for all t; hence, 
we should relax the condition on conformality. We shall say that a twistor lift t/j of a 
conformal to first order map (p is compatible to first order (with ip) if: 

V'o is strictly compatible with p^ and V't is compatible with pt, \/t. (V.2. 11) 



We start with a few lemmas which will be important in the sequel: 

Lemma Y.2.5. Let p : Ix — )■ iV^"^ be a map conformal to first order, let zq G M^, and 
suppose that d^oPo ^ 0. Let tp be a twistor lift around Zq which compatible to first order 
with p. Then for all X e r(TM) there is a function af and a vector e Pf^{TN) 
with — 1, Vq — and 



= 0, V I vf — such that 

t=0 dt\t=o 



J^,dptX = afdptJX + vf. (V.2.12) 
In particular, p is holomorphic to first order with respect to in the sense that 



Pq is holomorphic with respect to J^^ and V d_ i dptJX = V i J^^dpfX. 

8t \t=o dt \t=o 



(V.2.13) 



Proof. Since V' is compatible to first order, J^^ preserves dpt{TM) for all t. Hence, there 
are af and hf such that 

J^,dptX = afdptJX + hfdptX. (V.2. 14) 

Take = bfdptX. Since, at t — 0, J^^dp^X — dp^JX we deduce v ^ = and 
— 1. Now, since dptX and J^^dptX form an orthogonal basis for dpt{TM) and 
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< dcptJX, J^^diftX >, II J^jd(y9(Xp are not zero for all small t, we have 

^ < J^,diptX,d^tJX >2 = ||d^iJX||2||d^iXf- < diptJX,diptX >2 . 
Differentiating with respect to t at the point t = the above identity yields 

d 



diptJX-<diftJX,d<ptX>\\d>ftX\\-^d^tX 
<dLptJX,J^^diptX>\\dLptX\\-'2 

\\d<fitJXW^-<d<ptJX,diftX>'^\\diftX\\-2 
<diptJX,J^ d(fitX>\\diptX\\-2 



d_ 

di 



< J^^diptX, dipt J X >-- 



dt 



< d(ptX, difitX > . 



(V.2.15) 



t=o 



On the other hand, computing the inner product of (|V.2.14I) with J^^dcptX and using 
the fact that < dcptX, J^p^diptX > = for all t, we get < d(ptX,d(ptX >= af < 
diptJX, J^^diptX >. So, 



-^1 

dtlu 



_^ < difitX, diptX > 



dal 
at 



t=o 

X 9.1 
• dt\t=0 



. < dipoJX, J^^dipoX > 



< diptJX, J^,d(ptX > 



and we deduce 



a 



X 



at I t=o "'t 



0, as = 1 and (IV.2.15D hold. Using (IV.2.141) again we can 



now write 



dt\t=o dt\t=0 Ot 



.dcpoJX - l.V cLi dipt J X 



t=o 



St It^o 



so that 



< V41 vf,d(poX > = f Ij^o < Ji„d(ptX,d(ptX > - < J^^dipoX,V d(ptX > 



8t \t=o 



St lt=o 



0.1 

at li= 



^ < diptJX.diptX > + < d(poJX,V a_\ du)tX>, 

Stlt=0 



which vanishes since < J^^diptX.diptX >= for all t, the second and last terms 
cancelling as (fo is J^^-holomorphic and (f is conformal to first order. Analogously, 



< V e_| vf^J^^dipoX > = I f I^^Q \\J^,d(ptX\\'^- < V s.| diptJX, J^^dipoX > 



St \t=o 



dt It^o 



1 a 



II^^Q lldv^iXf - i 11^^^ < diptJX,diptJX >= 



so that < V a.| vf, d(po{TM) >= 0. For the orthogonal part, taking n G (diftTM)-^, 



^ X d 

st\t=o ot 



<vf,rt> - <v^,V rt>=0, 

dt \t=o 



.X 



t=0 



showing that V a_ 1 



,x 



dt \t=0 



and concluding the proof. 



□ 
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Lemma V.2.6. Letip : I x — )■ H'^N be 'H-holomorphic to first order. Then, cp = noil) 
is ( J*^, J^)-holomorphic to first order (in the sense of (IV.2.131) ). 



Proof. In fact, since if) is 'H-holomorphic to first order, V s_| {(d?/'jJX)^ 

at It^o 

J«(d^tX)}« = 0. Therefore, for all Y eU, 

= <Vj^l {(d^tJX)^- j7^(d^tX)«},F > 



at 



t=0 



= |L_n< {^i^tJX)^ - J«(d^iX)«,r >-< (d^oJX)«-J«(d^oX)«, V e I Y > 
= iL=o < (d^JX)^ - J^idiptX)'^, r > , as ^0 is H-holomorphic. 

Since tt is a Riemannian submersion and {J"-, J^)-holomorphic (see (II.4.6I) ). the above 
equation can be written as 

d 



Hence, for all Y e TN, 



< d7r(d^iJX) - J^,d7r(dV'tX),d7r(F) > . 
t=o 



= IL=o < - J^td^tX, Y > 

= <Vs.| {d(ptJX - J^^diptX},Y > - < dipoJX - J^^-,d(poX,V a_\ Y> 
= < V _a I {d(ptJX — J^^diftX}, Y > , since (fo is J^g holomorphic, 

dt li=o 

showing that V e_ i dipt JX = V i J^^ dipX and concluding our proof (compare with 
the non-parametric proof of Theorem IIII.6.1I) . □ 

Proposition V.2.7 CH-holomorphicity and conformality to first order). Let I C M be an 

interval around and letip : I x — > S+X be H-holomorphic to first order. Then, the 
projected map if = tt o ip : I x — )■ is conformal to first order. Conversely, let 
Lf : I X N be a map conformal to first order and assume that zq G is such that 

Oz^q^Zq) 7^ 0. Then, reducing I if necessary, there is an open set V containing zq and a 
map ip : I X V ^ H^N H-holomorphic to first order which is compatible to first order 
with ip. 

Proof. Take ip : I x M ^ — S+X "H-holomorphic to first order. Since lpq is holomorphic 
with respect to (see proof of Theorem IIII.6.1I) . we know that lpq is conformal 
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(Propo sition IIU . 6 . 3l) . As for the first order variation, using the preceding Lemma rv.2.6[ 



"•-'^—^ dt\t=o 



2 < V e_ I J^^diptX, J^,,dipoX > 

9t \t=0 

IL=o < J'^AVtX, J^,diptX >= 11^^^ < diptX,diptX > . 



Using similar arguments we can show that 

< diftJX, diptX >= 0, 



d_ 

at 



t=Q 



concluding the first part of the proof. 



For the converse, we shall make use of Lemma IV.2.51 Let tjj be any twistor lift of 
compatible to first order. Since we are assuming that dzQif ^ 0, we can use Lemma rv.2. 51 
to deduce that there is a function af and a vector field vf with 



J^.diptX = afdiftJX + 



.X 



where = 1, 



.X 



0, 



dt 



and V 



.X 



0. Now, if) is H-holomorphic to 



t=0 s*lt=o 

first order if and only if is "H-holomorphic (which is true from Propo sition IIII. 6 . 3 1) and 



equation (|V.2.2I) holds. Using the same argument as in Lemma rv.2.2[ (|V.2.2I) is equivalent 
to 







d_ 

di 



< (diptjx)'^ - j^idiptX)'"^, r'" >, VF"^ e n. 



equivalently. 



0- ' 



at\t-. 



< difitJX - J^,diptX, Y > 



< V^i {diptJX-a^diptJX-vf},Y >-< dipoJX-aQdipoJX-VQ,VB_\Y > 

9t lt=0 „ -' St \t-Q 



which is equivalent to 



< V ^ I diptJX-anVjii difitJX 

stlt=o 9t\t^o at 



difio-JX-V^l vf,Y>=0. 



dt I 



Since this is clearly true from the given conditions on and vf, we have established 
(|V.2.2I) and concluded the proof. □ 
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Lemma V.2.8 (Condition for V-holomorphicity to first order). Let ip : I x — Tj^N 

be a map J"" (a = lora = 2j V-holomorphic to first order. Then 

Conversely, if ipo is J"' V-holomorphic and (|V.2.16I) is satisfied then ip is J"' V- 
holomorphic to first order 

Proof. Recall from (lin.l.4D and (IL4.5D that \f if) : M ^ S+A^ is any smooth map then, 

for a = 1, 2, 

Thus, we can rephrase equation (IV.2.161) as 

V^l {dMJX) - J^d^tX}"" = 0. (V.2.17) 

8t \t-0 

Hence, if tjj is J'"' V-holomorphic to first order, then 

V jL I {dMJX) - J'^dtPtX}^ = 

St lt=o 

which implies (IV.2.171) . Conversely, if (IV.2.171) holds and -ipQ is J'"- V-holomorphic, we 
have 

<Va| {d^j(JX)-:rM^jX}^,r > 

= (as ^0 is J^" V-holomorphic) f j^^^ < {d^t(JX) - JM^'tX}^, > 

= < Va| {dV^t(JX) - J''d^tXy,Y^ > + < {dV^o(^^) - J^MV^oX}^, Vj^i Y^ > 

= (as 7/^0 is J^" V-holomorphic) < V^, {d^t(JX) - J^M^^tX}^, F >= 0, 

showing that ip is J''^ V-holomorphic to first order and concluding the proof. □ 

Corollary V.2.9. Let ip : I x S+A^ be a map such that: 

(i) ipo is holomorphic. 

(ii) ^ is T-L-holomorphic to first order 
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(iii) ip satisfies equation (IV.2.161) (for a = 1 or a = 2). 
Then, ip is {respectively, J"^) holomorphic to first order. 

Proof. Immediate from the previous lemma and Lemma IV. 2.21 □ 
V.2.2 The -holomorphic case 

Next, we give a useful characterization for maps to be j7"-holomorphic to first order 
(a = 1 or 2): 

Lemma V.2.10. Let : I x — S+A^ be a smooth map. Then, if) is J -holomorphic 
to first order (a = 1 or 2) if and only if 

Lf is ( J^'^, J ii)) -holomorphic to first order and (V.2.18) 

V r 10 G ^tHT]^ N) 3 G ipT\Tj^ N) such that 

K j^^ J Tt y j^^ ^^^^^ (V.2.19) 

V^l Va,F/o = V^| Z/o and Va,Fo'° = 

or 



Vr/0G^7'(T]0iV) 3 Zl'^ e ^;\T}lN) such that 
Vai Va,r/o = VA| Z}^ and V^.yo'" = 

Si \t=0 St \t^o 



(a=2) (V.2.20) 



(compare with (IIIL1.5I) ). 

Proof. We shall do the proof only for the J'^ case, the case being similar. 

Assume that tjj is -holomorphic to first order. Then, using Lemmas [V.2. 21 and IV.2.6[ (p 
is ( J*^, J^,) -holomorphic to first order. On the other hand, ^ satisfies equation (IV.2.161) . 

C{TN,TN)r^ J J ^C{TN,TN) j i_n 

Va_| JX^^Jt ~ 'Jipt^ X -'i/'t/ — u 

which implies that 

V e, {VjxiJ^,Yt)-VxYt} = V a, {J^,{VjxYt + Vx{J^Xt))}. (V.2.21) 

8t lt=o St lt=0 
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Take Y^^^ in r]° AT; then, = IC^t - iJ^Jt) for some Yt and we can deduce 

V a I Va.y/° = iV a I {VxYt - Vjx{Ji,Jt) -i{Vx{Ji,Jt) + VjxYt)] 

9t \t=0 St \t-o 

= (using NTm ) ^Vai {-J^,(VjxV; + Vx(J^,y;)) -z(Vx(Jv't>'t) + Vjxll)}. 

St lt=0 

Let 2zZt = VjxYt + VxiJ^tYt) so that 

fit lt=o St lt=o 

= Ve| |{Zt-2j^,Zt} = Va, 

at lt=o St lt=o 

Moreover, since ipo is holomorphic, Vx>o- Vjx(^^o^o) = --^Vo (Vjx>o + Vx(^V'o^o)) 
and 

Va^^io = liVxYo - Vjx{.h,Y,) - i{y x{J^M + VjxYo)} 
finishing the "only if part of our proof. 

For the converse: suppose now that (IV.2.181) and (IV.2.191) hold. Then, is ^7^- 
holomorphic, using Corollary IIII.1.3I Take F^^o E T]° A^. As (IV.2.191) holds, there is 
with Va,Fo^° = and V i { Va,F/° - = 0, which implies that 

at |j=o 

V a I ^{VxFi - Vjx(J^.V;) - ^{VxiJM + ^JxYt)} - + ^J^^ZJ = 

St U=o z 

SO that 

f V a I {VxV-^ - VjxiJ^tYt)} = 2V a I 

/ St lt=o St It^o 

1 Va, {Vx(J^t>^t)+Vjxl^i} =2Va| (J^,Zi). 

^ St lt=o St lt=o 

In particular, the right-hand side of (IV.2.211) is given by 

Vsi {J^,{VjxYt + Vx{J^tyt))} = {"^ ±\ 7^t)(VjxVo+ 

Stlt=o Stlt=o 

at U=o 

= (Vj^l J^,)(Vjx>o + Vx(J^o>o)) +2Jv,oVjL| (J^,Zt) 

Stlt=o Stlt=o 

= (since VjxYo + Vx(J^o^o) = 2J^„Zo) - 2V Zt - 2J^,V (J^,,^*) 

St lt=o St 1(^0 

+2J0(jV_e| (J^^Zt) = —2\/ a_\ Zt 
at lt=o St lt=o 

which is the left-hand side of (IV.2.211) . Hence, (IV.2.211) is satisfied. Together with the fact 
that ipo is j7^-holomorphic, we can conclude that equation (IV.2.161) is verified. As for the 
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horizontal part, we have that condition 



V A I id^ptJX - Jd^jjtX) = 

is equivalent to 

^ <d^tJX-J^,diptX,Y>=0, Vr, (V.2.22) 

t=o 

as ipo is holomorphic. Now, we know that (IV.2.181) holds so that (IV.2.221) is trivially 
satisfied. Therefore, we are under the conditions of Corollary IV. 2 .9 1 and can conclude that 
our map is -holomorphic to first order, as desired. □ 

Remark ¥.2.11. Recall that, in the non-parametric case, jT^-holomorphicity is 
characterized by (Corollary IIII. 1.3 1) 

If we try to get an analogue for this condition but with a first order derivative, we 

immediately get problems, as V_s i could mean a.V a_\ Z^^ + 4:\,_„a.Z^^ (for 

etlt=o 9tlt=o ot\t-D 

each vector or just Vg^Z^". Hence, the above lemma gives a clean way of stating the 
analogue of Va^T^° C for the parametric case. 

From the preceding lemma we can also deduce the following: 

Lemma V.2.12. Let : I x — )■ J^^N be a map -holomorphic to first order and 
consider the projected map ip = n o tp. Then for all r > 1 there is Z]^ G ip^^iT]^ N) 
with 

dl^Q = Z]^ andV ^\ dl^t = ^ ^\ Z]^. (V.2.23) 

Proof. We shall do the proof by induction on r. For r = 1, we have dzi^t = diptX — 
id-LptJX so that using (IV.2.181) we have 

V_a| = V_s I {diftX — idiftJX} = V a_\ {diftX — iJ^^diftX}. 

dt lt=o dt li=0 dt It^o 

Taking = d^ptX — iJ^^d(ptX G v97^(Tj° A^) we obtain the desired result as (fQ 
( J*^, J^o) -holomorphic implies = dipoX — iJ^^dipoX = d(po{X — iJ^^X) = d^^o- 
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Assume now that the result is valid for r = k; i.e., there is Zl^''' such that 

V a I = V a I Zl'^' and 9,Vo = ^o°'' • 

Let us show that it also holds when r = k + 1. Since d^~^^(pt = dzd^cpt, 

dt\t=0 dtlt^o " dt\t=0 

' dipt 



Using the fact that [-^ , c^^V^t] = d(pt[dz, ^I^^q] = 0, that R is tensorial and the 



t=0 

induction hypothesis, the latter expression becomes 



'^-'J at I t^o at U=o 

as i? is antisymmetric on the first two arguments. Now, since ^ is ^J^-holomorphic, 
(IV.2.191) holds so that there is z/^-'^+i such that 

V a I Va.^f = V a I and VaA''' = ^o°''^'- 

at lt=o at lt=o 

But the second condition gives d^~^^{po = dzd^ipo = Va^Z^^'^ = Zq^'^^^ whereas the first 
holds precisely that V a_ i d^'^^Lpt = V _§_ i Va^ Zl^''' = V a_ i zl^'^~^^, as we wanted 

at \t-o 8t li=o St lt=o 

to show. □ 

Remark V.2.13. Notice the "fundamental trick" with the curvature tensor: from Ti- 
holomorphicity to first order, equation (IV.2.131) is verified. In particular, we can write 

d 

=0 

a 



atlt=o atlt^o 



= Ri■|-^,Y)idifoJX) + VyV^l diftJX 

= i?( 1 1 , y ) (d<^o JX) + 1 1 (d^oJX) + V a I Vy d(^i JX 

9t 1 1— 

so that from R antisymmetry we conclude 

VyV^i Ji,A^tX = VyV ^\ difitJX, \/X,YeTM. (V.2.24) 

at lt=o at If^o 

Proposition V.2.14 (Projections of maps jT^-holomorphic to first order). Let ^ : I x 

—7- H^N be a map -holomorphic to first order, where is any Riemann surface. 
Then, the projection map (f = it o ip is real isotropic to first order. 
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Notice that we could replace S+A^ with S A^, as real isotropy (to first order) does not 
depend on the fixed orientation on A^. 

Proof. That y^o is real isotropic follows from the non-parametric case for projections of 
maps from the twistor space (Theorem lIIL6.5l) . Therefore, we are left with proving that 



di 



<9,>,9,>>=0, Vr>l. 



t=o 



Using Lemma Em for fixed r > 1 choose Z}^ G ^7 A^) with dl<^o = Z^^ and 
V^l dyt = Vjt\ Z/o. Then 

dt lt=o St It^o 

||^^Q<9,V,9,V> = 2<Va| 5>,9,Vo>=2< Va, Zl^,Z',^> 
_ a I ^ 710 710 ^_ n 

as Z/o G V~\T}^^ N) for all t. □ 



We now turn our attention to the existence of lifts ^J^-holomorphic to first order for a 
given map Lp : I x — )■ A^"^ into an oriented 4-manifold, with real isotropic to first order. 
Recall that in the non-parametric case such lift exists (see Theorem IIIL7. II) . Moreover, as 
we have seen in the second proof of this result, the lift was defined by J(dLpX) = d^pJX 
and J(n) = —v where d'^(f = u + iv. An analogue for the parametric case is as follows: 

Theorem V.2.15. Let (f : I x — )■ A^'^ be a map real isotropic to first order. Let Zq G 
and suppose that dz^Poizo) and d'^(fo{zQ) are linearly independent. Then, reducing I 
if necessary, there is an open set U around zq and either a map tp^ : / x W — > S+ A^^ or a 
map ip~ : I xU ^ T.^N'^ which is -holomorphic to first order and compatible to first 
order with ip. 

Before proving Theorem lV.2.15[ we give a couple of lemmas: 
Lemma V.2.16. Let ip be as in the preceding theorem. Consider 

uf = VxdiptX - Vjxd'PtJX and vf = -Vx^'^tJX - V jxdiptX. (V.2.25) 
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Suppose that the -holomorphic lift of lpq is ip^ G S+A^ (respectively, ip^ G T^^N). 
Take J^^ the unique positive (respectively, negative) almost Hermitian structure on T^^N 
compatible with (ft- Then, 



dt \t=0 



X 



dt 1 1=0 



X 



(V.2.26) 



Proof Since is real isotropic to first order, < d'^(pt,dz(pt >= 0, equivalently, 



§i\t=o < ""t^ + ^"^t^' dy^tX — idiptJX >. Thus, we have 



d_ 

di 



d 

< ufA^X > = - ^ 



< , d(ptJX > and 



i=0 



d_ 

di 



< uf , dipt J X > 



t=o 



d_ 

di 



< vf,d<^tX > . 



(V.2.27) 



t=o 



Similarly, §i\^^q < d'^(pt,d'^ipt >= is equivalent to ^\^^q < uf + ivf,uf + ivf >= 
and implies 



9_ 
di 
d_ 

di 



t=o 



XX d 
<u,,u, >=- 



< vf,vf > and 



i=0 



<uf,vf> 



0. 



(V.2.28) 



t=o 



As ip is compatible with ip, using Lemma IV. 2 .51 we know that if is holomorphic to first 
order with respect to J^. On the other hand, since dzifo and d'^(fo are linearly independent, 
we deduce that dipoX, dipoJX, Uq and Vq form a basis for T^qX (see IIII.7.21) . Hence, 
(IV.2.261) will be satisfied if and only if the following four points are verified: 



(i) < V a. I Jvt^f ' ^^oX >= - <V ji 



vf,d^oX >. 



dt It^o St It^o 

From the second step in the proof of Theorem IIIL7.1[ we know that J^PqUq = —Vq. Thus, 
we have 

<Vs_| J^twf ,dv9oX > = ^|^^g< J^jwf ,dv9tX > - < J^qU^, Vs^i dy^tX > 



-§l\^_^<uf,J^,d^tX> + <v^,Vj^\ d^tX> 
-§l\._^<uf,d^tJX> + <v^,Wjt\ diptX> 
(using (IVCTl) )-|L_o< v^,dVtX> + <v^^^\d^tX> 



dt \ t=o 



< V 9.1 ff ,dv9oX > . 

9t lt=o 
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(ii)<Va.| J^^uf ,dipoJX >= - <V a_\ vf,dipoJX>. 
The argument is similar to the one in (i). 



(iii)<Ve_| JiptW >= - <V a_\ V^,Uq>. 



In fact, 



St It^o 



<Vei J^,uf,U^> 



a_ 

at it^o 



iL=0 < ■ht'^f^'^f > - < J^o<, V^|^_^ 



(using (IV.2.281) ') - < V j^i vf,u^>. 

Bt It^o 



(iv) Finally, let us prove < V _a i >/vt^t ' >^ ~ < ^ -S. I W I'^o >■ 

dt It^o St It^o 

Indeed, 



St lt=o 



e*lt=o 



concluding our proof. 

Lemma V.2.17. Le? 93 be as in the preceding Theorem \V.2.15\ Then 



□ 



St It^o 



St It^o 



(V.2.29) 



for some at, bt. 



Proof. We know that d^cpt, d'^cpt, d^^t, dl^t span T^N'^. Hence, there are at, bt, Ct and dt 
with 

d^ipt = atd^ipt + btdlift + Ctd^Lpt + dtd^ipt 
where cq = lio = since dlipo G spanjS^v^o, dl^o} = '^J^^^- Therefore, 



Vs.! d'i^pt = aoV a_ d;,(ft+^ d,(fo + boVa_\ d'^^Lpt + ^ d'iLpo+ 

St 1 4=0 St 



+ 



del 
dt 



dbf 



^ t=0 stU=o " t=0 



t=0 



t=0 



Now, using the fact that Lp is real isotropic to first order, we have 



<V^I dlipt,d^ipo >= - < dlipo,\/ a_\ d^ipt> 
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which implies 

ao < V s_ I d;,(pt, d;,(po > + ^ 



+ 



ml 
at 



9t li=o 



t=0 



at 

X 

at 



< d^ipo, d.ipo > +60 < V a_| d^ipt, d.ipo > 

t=0 stlt=o 



t=0 



t=o 



9t lt=0 



Since 



and 



< V a.| d,ipt,d;,ipQ >=< dlipQ,d^ipQ >=< d^ipo,d^ipQ >= 

dt \t=o 



<Ve_| dlipt,dzipo >= - < dl(fo,V a_\ d,ipt> 

dt lt=o dt It^o 



we deduce 



Similarly, from 



dc 



X 



dt 



x 



t=0 



dt 



t=o 



(V.2.30) 



<Va| diipt,diipo>-- 

St lt=o 



dt If^o 



we have 



Writing A 
that 



dc 



X 



dt 



< d^Lpo,d^ipo > + 



ddi 



X 



t=0 



dt 



\\divor = 0. 



t=0 



at 



,/3 



ddl 
at 



(V.2.31) 



i=0 



and r =< d,<^o, ^^Vo >, (IV-2.301) and (IV.2.311) imply 



A||9,<^of + /3r = ^. ^ . A||9,^ofr + /3||rf = 
which give < 

Af + /3||a,Vof = A||9,^of r + /3||a,Vof ll^.^of = 



and imply /3(||r||^ - H^^v^oinif^^y^oP) = 0; consequently, /3 = or 



||9,^of||5,Vof. If ||rf = ||9,^of||5,Vof then, from II < 9,y.o,5,Vo > || = 
ll^zfy^oll II^^v^oIIj we could deduce that d'^(po lies in spanjS^v^o}, which we are assuming as 

and, consequently also A = (from the first equation 



false. Therefore, /3 = 



t=o 



above). Thus, (IV.2.291) holds, as wanted. 



□ 



We are finally ready to prove Theorem lV.2.15t 
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Proof of Theorem \ V.2.15\ As before, take ifj^ or ip^ the jT^-holomorphic lift of lpq. 
Assume, without loss of generality, that it is Then, at each t take J^^ the unique 
positive almost Hermitian structure compatible with (ft and let us prove that this map ip 
is jT^-holomorphic to first order. Using Lemma IV. 2 .51 ^9 is holomorphic to first order 
and we are left with proving that (IV.2.191) holds. It is enough to prove that there is a basis 
{r/^o, Y^^} of^^^{T}lN) for which (IV.2.191) holds. Now, take Y^^ = dcptX -iJ^^dcptX 
and 1^24° = — iJiptuf where uf is as in (IV.2.251) . Then, 

dt\t=0 " '9tlt=0 

= Va.| VdJd^tX -idipJX) =V (uf + ivf) 

dt lt=Q dt lt=o 

Analogously, 

Va, VaJi:^ = RC-§l_^,d.^,)Y^^ + Vdy {uf-iJ^,uf) 

at It^o et lt=o 

ot 1 1— 

= V a I {ad,V + bd^^t) = t ^0° + + « V a I 9,<^i + V a , 

a*lt=o atlt=o a«lt=o 

= tn^ + i>a° + «Va| n° + Va| >^.^.° = Va| [aY,]^ + bY,]^) , 

at \t^o at It^o at lt=0 

where we have used ^20° = ^^ipo, V_a 1 J'^t'^f = V_e 1 , Uq + iv^ = d^cpo and 

at lt=o at lt=o 

VdA'^f + ^^t^) = •^^v'i. Hence, Yj^^^° and ^24° satisfy equation (IV.2.191) . concluding our 
proof. □ 



V.2.3 The -holomorphic case 

We prove the following: 

Theorem V.2.18. Letil) : / x — S+A^ be a map J"^ -holomorphic to first order Then, 
(f = TT o ip : I X — )■ is harmonic to first orde^ 

Since harmonicity (to first order) does not depend on the orientation on A^, we could 
replace by T.~N. 

^and conformal to first order from Lemma IV. 2. 2! and Proposition lV.2.71 
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Proof. That (fo is harmonic follows from Theorem lIII.2.2[ Hence, we are left with proving 
that ■§i\^_Q T(v^t) = 0. Since ^jj is J'^-holomorphic to first order, we deduce that ijj is both 
(i7^) 'H and V-holomorphic to first order (Lemma [V.2.21) . From vertical holomorphicity 
have (see (IV.2.161) ) 

SO that 

{V^l (VjxJ^, + J^yxJ^,)}idipoX) = 

at lt=o 

^Vj^l {Vjxd^tJX + Vxdy^tX} = V jt\ {J^,(Vjxd^tX -Vx{Jy,AVtX))} 

dt It-o y ^ 9tlt=0 

^Vai ^(<^0 = Va| {J^,(Vjxd(^tX- Vx(J^,d(^tX))}. 

St lt=0 9* lt=0 

Using Lemma IV.2.61 and equation (IV.2.131) together with symmetry of the second 
fundamental form of ipo, the right-hand side of the above identity becomes 

(V^l J^J{VjxdipoX-VxJ^odVoX) + J^,{V^l jxdiptX -V x-J^A^tX)} 

dt It^o St I j=o 

= V a I J^,{Vd<^o(^^,^) - Vd<^o(X, JX) + d<^o(VjxX - VxJX)} 
+^^o{V^| (Vjxd<^tX- Vxd<^tJX)} 

St li=o 

= ^vo{v s I (vd<^i(jx,x) - vd<^i(x, JX) + d^tiyjxX - VxJX))} = o, 

St lt=o 

so that ^ T((y9t) = 0, concluding the proof. □ 

Theorem V.2.19. Let (f : I x X^" Z^e a map harmonic and conformal to first order 

and let zq G M^. Assume that dzy^Q{zQ) ^ 0. Then, reducing I if necessary, there is an 
open set U around Zq and a map ip : I x U ^ S+X which is -holomorphic to first 
order and with = it o ip. 

Once again, since harmonicity (to first order) does not depend on the orientation of X, we 
could replace S+X with S'X. 

Proof For each t consider Vt = dipt{TM)^ C ip-^{TN), bundle over M^. Since 
is a Riemann surface, i?^ = and we can conclude that for each t there is a Koszul- 
Malgrange holomorphic structure on S+V^. Moreover, Theorem 11.5. II guarantees the 
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existence of a smooth section Sy with Sy a Koszul-Malgrange holomorphic section of 
E+Vt-. C 40. So, 

equivalently, 



J^X^^x^t - ^xJ^tVt) = VjcVt + VjxJ^tVt. 



(V.2.32) 



Take s% = © T^^-^ where r/°'^ is the (l,0)-part on d(ft{TM)^ determined by 
jj = rotation by + | on d(y9t(TM)0. Then s^j^ defines a compatible (in the sense of 
(IV.2.1 II) ) twistor lift of if. Let us check that ^ is -holomorphic to first order. That 
ipQ is holomorphic is immediate from the proof of Theorem ini.5.2[ From the proof of 
Propo sition I V. 2 .7 [ we deduce that ^ is H -holomorphic to first order as it is compatible to 
first order with and the latter is conformal to first order. Hence, using Corollary IV.2.9[ 
we are left with proving that (IV.2.161) : 

V_s I 'VjxJipt = ~V_e_| Jipt'^xJipt 

St \t^o St It^o 

holds. We shall establish this equation by showing that both sides agree when applied to 
any vector v E TN. For that, we consider, in turn, the three cases v = dipoX, dip^JX 
andv G dipo{TM)^. 

(i) V = dcpoX. 

From ^jJo holomorphicity, we have V jxJ^o = —Jipo'^xJ-ipo- the other hand, as i/j is 
H -holomorphic to first order, equations (IV.2.1 31) and (IV.2.241) are satisfied. Finally, for all 
t, 

VjxdiftX-VxdiftJX = VdiftiJX,X)-VdiftiX,JX)+diptiVjxX-VxJX) = 0. 



■^Notice that as 1^94 is not conformal we might not get a Hermitian structure by setting T^"'^ = 
dipt{T^'~'AI); on the other hand, positive rotation by tt/2 comes from the natural orientation on diptiTM) 
imported from TM via dipt 
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Thus, 

(Va_| VjxJipt)dipoX ^ -{V a_i J^^VxJi,t)d(poX 

dt I t=o dt 1 1=0 

dt lt=o 9* lt=0 

9t 1 1=0 dt I (=0 

^ Vai ^jx{J^AvtX)-V^\ (J^yjxdiptX) 

dt\t=0 dt\t=o 

--V^l {J^,Vx{Ji^A^tX) -V jL\ VxdiptX 

dt It^o 9* lt = 

^ Vai Vjxd<^tJX + Vj^i Vxdv^tX 

dt \t=0 dt It^o 

= (V^I JvJ(Vjxd(^o^) + Jv,o(V^I Vjxd(^tX) 

9t 1 1=0 dt I (=0 

-(V^l Jv,J(Vx(Jvod<^o^))- Jv'o(Va| VxiJfAVtX) 

dt It^o 9* lt=0 

= (V^l J^,)(yjxdvoX - Vxdv^o^^) 

9* lt=0 

+ Jv,o (V ^ I Vjxd^tX - V ^ I Vxd(^t JX) 
^ SL=o^('^*) = -^V-oV a I (Vjxd(^tX - VxdiptJX) ^ 11,^0 r((^t) = 0, 
which is true from harmonicity to first order of if. 

(ii) V — d(poJX. 

The argument is very similar to the preceding one. 

(iii) V e dipo(TMy. 
We have 

dt \t=o dt lt=o 

^ V^l ((VjxJv.H + (VjxJvo)(V^| i;) 

dt lt=o 9* lt=0 

dt I (=0 dt I t=o 

^ V a I Vjx(Jv*^) - Vjil (JvtVjx^^) = -V^i (J^,Vx(Jv*^)) - V a I VxV. 

dt\t=o atlt=o at lt=o a* lt=o 

This equation is satisfied if the following two equations hold: 

Va, V^x(Jv,^;)-Va| (Jv*Vix^) + Va| ( Vi( J^-t^)) + V a | V^t; = 0, 

at lt=o atlt=o at 1 at it=o 

(V.2.33) 

Val Vj;,(J^,^;)-Va| (Jv,*Vj;,^;) + Va| (JvtVj(Jv,^;))+Va| V> = 0. 
atit=o atit=o ati(=o at it=o 

(V.2.34) 
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Now, (IV.2.331) is easy to check using the fact that is Koszul-Malgrange holomorphic 
for each t so that (IV.2.321) holds. As for (IV.2.341) . letting Q{v) denote its left-hand side, 
we shall prove < Q{v),w >= for all G TN. Again, we do this by establishing the 
three cases w = d^^o-^, w = dcpoJX and w G d(po{TM)-^. 

(iiia) When w = d(poX, we have 

Q{v,difoX) = f I^^Q < Vj^(J^,ft) - J^,Vj^ft + J^yJciJy.t'Vt) + V].Vt,dftX > 

ot lt=0 

= iL=o(~ < J^t^t, Vjxd(^tX > - < fi, Vxd(^tX >) 
+ S|i=o (~ < Vt,Vjxd(ptJX > + < J^,t;t, Vxdv^tJX >) 

= - ft\t=o < ^^t, Vxdv^tX + VjxdiptJX > 
+ SL=o < Ji,tVt,^xd<^tJX - Vjxd<^tX > 

= -<V^I Vt,T{Lpo) > - < vo,V a_\ r(v?t) >= 0, 

9t lt=0 9< lt=0 

as required. 

(iiib) For dipo{JX) the argument is similar to the preceding one. 

(iiic) Let wt E dipt{TM)^. Then, 

dt lt=o 

The first term on the right side of the above equation vanishes as Wt lies in dipt{T M)^ , 
whereas the second is zero from ^/'o-holomorphicity, concluding our proof. □ 

V.2.4 The 4-dimensional case 

Theorem V.2.20. Let ip : I x — )■ X^ be harmonic and real isotropic to first order 
and let zq G M^. Assume that dz^Q{zQ) and d'^Lpo{zQ) are linearly independent. Then, 
reducing I if necessary, there is an open setU around zq and either a map ip^ : / x U — t- 
S+X or a map ip" : I xU ^ H^N which is simultaneously and -holomorphic to 
first order and has ip = o ip. Conversely, ifip : I x — > S+X*^ (or ip : I x — )■ 
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S N'^) is and -holomorphic to first order, the projected map ip = Troip : I x — 
A^^ is harmonic and real isotropic to first order. 

Proof. The converse is obvious from Theorems IV. 2 . 1 41 and IV. 2 . 1 81 As for the first part, in 
Theorem lV2. 15l we saw that we can lift the map to a map jT^-holomorphic to first order. 
Moreover, this lift could be defined as the unique positive or negative almost complex 
structure compatible with Lp. On the other hand, in Theorem IV. 2 . 1 91 we have seen that there 
is a map ^J^-holomorphic to first order with ip = tt o if) and for which ip is compatible. 
From the comment after Theorem IV.2.191 there is also a twistor lift of ip into T^^N . 
Therefore, from the dimension of N, we conclude that the lifts constructed in both cited 
results are the same and, therefore, simultaneously and jT^-holomorphic to first order. 



We would now like to guarantee the uniqueness to first order of our twistor lift. Before 
stating such a result we start with a lemma: 

Lemma V.2.21. Letip : / x — )■ 'L'^N a map -holomorphic to first order. Consider 
the twistor projection ipt = oip and the vectors 



Then, for all z^for which dzp:>o{zQ) and d'^p>Q{zQ) are linearly independent, the following 
equations are satisfied 



□ 



djp>t =ut + ivt 



so that 



ut = Vxd(ptX - VjxdiptJX, 



X. 



V a 




a_i d(ptJX = 'Va_\ J^^diptX, 



(V.2.35) 



V a 



J'iPtUt = ^d_\ -Vt, 



(V.2.36) 



at \t=o 



at li=o 



V a 



J^tVt = Va_\ Ut. 



(V.2.37) 



dt \t^0 



dt \t=0 
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Notice the similarity with Lemma rv.2. 161 the main difference is that in that lemma, we 
were given Lp and defined the twistor lift as the unique lift compatible with Now, we 
are given the twistor map '0 but nothing guarantees that projecting the map to makes 
compatible; i.e., J^^ may not preserve dv3t(TM). 



Proof. That Vs. I d^ptJX = V s.| J,i,A(piX follows from the proof of rv.2.7[ Since 



dt lt=o 
52, 



dt It^o 



f^zV^o(-2o) and d^f^Q^zo) are linearly independent vectors, we can deduce that dy^^X, 
diftJX, ut and Vt form a basis for T^p^^z)N for (t, z) is a neighbourhood of (0, zq). On the 
other hand, as Lp is the projection of a map j7^-holomorphic to first order, we know that it 
must be real isotropic to first order from Propositior lV.2. 141 Hence, 

d 



dt 



t=o 

equivalently, ■§t\^^Q < Ut + ivt, dy^jX — idcptJX >= and therefore 



d_ 

di 



< Uf, dipX > = — 



t=o 



d_ 

di 



d_ 
di 



< Ut, diptJX > 



d_ 

di 



< Vt,d'ftJX > 

t=o 

< Vt,d(ftX > . 



(V.2.38) 



t=o 



Similarly, < dlipt,d^(pt >= is equivalent to ^|^^g < Ut + ivt,Ut + ivt >= 

and implies 



d_ 
di 
d_ 
di 



t=o 



d 

<Ut,Ut> = -777 

dt 



< Vt, Vt > 



t=0 



< Ut,vt > = 



(V.2.39) 



The argument to establish (IV.2.361) . will now be similar to the one in Lemma rv.2.161 



(i) We start by proving that < V 9_ i J^ptV-t, dipoX >= — < V a_ i Vt, dipoX >. Indeed, 



dt lt=o 



J^,Ut,d(poX >= < J^,Ut,d(ptX > - < Jvo^o, V|.| d(ptX > 

a 



(J^oUq = -t;o,Th.|IlLTB - f < ut,J^4LptX > + <v^,V jt\ d(p>tX > 
-<Va_| Ut, J^i,od(poX > - < Uo,\/ a_\ J^^diftX > + < Vo,\/ a_\ diftX > 

dt lt=0 9t lt=0 9t \t=0 

- ■l-t\t-n<ut,diptJX > + <vo,V jt\ diptX > 
c^'t-ij at\t=o 

(using (IV.2.381) ) - ||,^o < vt,diptX > + < vo,V d^tX > 



dt |t=o 



< V s.| Vt, dip^X > 

dt lt=0 
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(ii) Replacing dipoX by dipoJX and using similar arguments, we can show that < 

Vs_| J^^Ut,dipoJX >= — < \/ d_\ Vt,dipoJX >. 

St li=o St \t=o 

(iii) Next, we prove that < V _s i J^^Ut, Uq >= — < V a_\ f i, Mq >• In fact, 

St \t=o St It^o 

<Va_| Ji,tUt,Uo >= ^\ < J^^Ut,Ut > - < J^fjUo,V a_\ Ut> 
= {J^IjqUq = -Vq) §l\^^Q< VuUt> - <V S_\^ VuUq> 

= (using (IV.2.391) ') - < V ^ i Vt,uo>. 

St \t=0 

(iv) Finally, we are left with proving < V _s i J^^Mj, f o >= — < V _e i Vt,Vo >■ Since 

St \t^o St lt=o 

vo = —JiIjqUq, we have 



I i— 

= -\ IL=o < >= - < ^ s_\^JuVq > ■ 
This establishes (IV.2.361) . The last equation (|V.2.37I) has a similar proof. □ 

Proposition V.2.22. Lef t/;^, ip"^ : I x — )■ S+A^^ Z^e maps J^-holomorphic to first 
order such that ipQ = ipQ and the variational vector fields induced on are the same; 
i.e., writing ai := ^|^_q (vt ° i'^), = 1, 2, we have ai = a2. Then, at all points Zofor 
which dz(po{zo) and d'^(po{zo) are linearly independent, writing Wi = ^|^^q 4't' ^ = 1)2, 
we have 

wi = W2. (V.2.40) 

Proof. Let = n o ipi {i = 1,2) denote the projection maps. From our hypothesis, 
it follows that = w^. Hence, the only thing left is to prove that the vertical parts 
coincide. Now, from the proof of Lemma IV. 2. 81 ( ^ | )^ ^ ^c^n,tn) ^^^^ 

St I t=o 

result follows if V e_ i -'w,! = V s_ i J^2 . We prove this identity showing that Q{Y) = 
for all Y, where 

Q(r) = (Va| J^i)r-(Va| J^2)r. 

We consider the four possible cases for Y; namely, when Y is equal to dy^oX, d(^oJX, 
Uq or vq, where Mq and Vq are as in the preceding lemma (notice that, since i/jq = i/Jq, then 







Mq and tig = fg). 
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(i) When Y = difoX, we have 



QidipoX) = V a I (J^idipj) - J^i(V a I diptX) 



-Vai (Jv-?d<^?) + </^g(V ai dv^^X) 



= Vj^l d^\JX - V jL| d(^2jX - J^o(Vxai - Vxa2) 

Si I 4=0 8t 1 4=0 

= (since ai = 02) Vjxai - Vjxa2 = 0, 
where we have used Lemma IV.2.21[ as well as the fact that J ^2 = J^i and 



Va, d^lX = Vx'-^ 

9t I t=o 



i=0 



(ii) For Y = d(foJX we use similar arguments. 

(iii) Taking F = mq, we have 

(5(Mo)=Va.| (J^ul) - J^iXV a_\ ul)-\/a_\ ( J^2M^2) + J^2 ( V 



SI MJ, 



equivalently, 



Q(no) = -V^I vl + Vjt\ v^-J^,{Vjt\ ul-Vjt\ u^). (V.2.41) 

at lt=o St lt=o at li=o atlt=o 



But 



at lt=o at lt=o St lt=o 



, d^lX)d^lJX + VxV jLi d(^i JX 

t=0 Stlt=o 

, diplJX)diplX + VjxV j^i dipjX 

t=0 stlt=o 



= -i?(ai, d(poX)d(poJX + VxVjxOi + -R(ai, dv?o-''-'^)dv3o-'^ + VjxVxcti- 
As ai = 02 we deduce V e_| ^^^^ = V a_| v'f; with similar reasoning V_e 1 u] = 

St lt=0 St lt=o St lt=o 

V _e I SO that the right-hand side of (IV.2.411) vanishes and, consequently, Q{uq) = 0. 

St 1 1=0 

(iv) For Y = vqwc use similar arguments to the above, concluding our proof. □ 



Hence, the twistor lifts constructed in Theorem IV. 2. 201 are unique to first order, in the 
sense that the vector field w induced on T.^N'^ (or S^X^) by the map ip, w = ^ i^t 
depends only on the initial projected map (po and on the Jacobi field v along lpq. 
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V.3 Summary 

We have found the first order analogues of the results in Chapter |llll Namely, we 
established the following correspondences: 



%jj : — )■ S+A^ jT^-holomorphic Lp harmonic (and conformal) 

to first order to first order 

'ip : — i- S+A^ ^7^-holomorphic real isotropic to first order 

if dim = 4, possibly to S^iV 

ip-.M'^^'L+N "H-holomorphic ip ( J^^ J^)-holomorphic 

to first order to first order 



Moreover, taking A^^ the 4-sphere or the complex projective plane, letting ip : — )■ A^"^ 
be a harmonic map and v E Lp^^(TN) is a Jacobi field, real isotropy to first order is 
immediately guaranteed (Proposition IV. 1.21) . Hence, the previous construction allows 
a (local) unified proof of the twistor correspondence between Jacobi fields and twistor 
vector fields that are tangent to variations on S+A^^ which are simultaneously 
and i/^-holomorphic {infinitesimal horizontal holomorphic deformations in ll33l ). We 
can also conclude that different what properties (namely, conformality, real isotropy 
or harmonicity) are related with those of the twistor lift (respectively, H, or J'^- 
holomorphicity). 
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A.l Complex Lie Groups and the proof of Theorem IL1.4 



In this section, we prove Theorem lI.1.4[ We start by establishing the following 

Proposition A.1.1. Let E be a (finite-dimensional) complex vector space and let 
Cc{E,E) denote the space of all complex linear endomorphisms of E. Let G be a 
complex Lie group contained in GL(C, E) and F a complex linear subspace ofCc{E, E) 
such that G n F C Cc{E, E) is a subgroup ofG (not necessarily closed or holomorphic) 
and GnV is dense in F. Then, Gn F is a complex Lie subgroup ofG and 



In order to prove this proposition, we shall need the following 

Lemma A.1.2. Under the same hypothesis as in Proposition \A.L1\ G (1 F is a real Lie 
subgroup ofG and equation (|A.1.1I) is satisfied. 

Proof of Lemma \A.L2\ Since F is a vector subspace of Cc{E, E), we can deduce it is 
closed. Thus, G fl F is closed in G and therefore a real Lie subgroup of it. Hence, it 
makes sense to write Te(G fi F). 

It is clear that Te(G n F) C TeG n F. Conversely, let v e T^G n F. Since G fl F is dense 
in F (and, hence, in G fl F), there is a sequence f „ G G fl F which tends to v. As G is a 
subgroup of GL(F), its exponential map is just the restriction of the exponential map of 
the latter group. The same holds for expQ^p = expQ Ighf- But 



Te(GnF) = TeGnF. 



(A.1.1) 
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since 



Vn e G n F ^ vl e G n F ^ ... ^ v'^ e F ^ J2 ^^^^ ^ ^• 

A:>0 

Thus, t>„ — > t> ^ exp(t.Vn) — i- exp(t.v) and exp(t.t>„) G F implies exp(t.t') G F. 
Hence, exp(t.t>) lies in G fl F and 



d_ 
di 



{exp{t.v)) ^ V e Te(GnF) 

t=0 



concluding our proof. □ 

Proof of Proposition IAJ.il Since G fl F is closed in G, it is a (real) subgroup of the 
latter. To prove that it is complex is then enough to show its stability under the complex 
structure. But Tg (G fl F) = TgG fl F, by the previous Lemma. Since both these spaces are 
stable under the complex structure, so is their intersection our argument is concluded. □ 



A.1.1 Proof of Theorem 1.1.4 



r' step. The action (II. 1.71) . 

We show that the map defined in (|I.1.7I) . 

(A , F) ^ A(F) 

is a well-defined transitive left action of the group SO(C, F*^) on the set Gfg^{E'^). 

Proof of the F' step. The first non-trivial task is to show that indeed A(F) lies in G^^^{E'^). 
It is not difficult to check that A(F) is in fact an isotropic fc-dimensional complex linear 
subspace of E'^\ however, it is harder to see that this subspace remains positiveu. Take 
{wj, JFMj}i=i,...,fc a positive basis of F, where Jp is the Hermitian structure determined 
by F (hence, ui — iJpUi, Uk — iJpUk is a basis of F). Then, Wi = \{ui — iJpUi) = 



X{ui) — iX{JpUi), i = 1, forms a basis for A(F) and Wi is a basis for A(F). Notice 



'if we wanted the Grassmannian of just isotropic subspaces (so, dropping the "positive" condition), we 
could change our complex Lie group to 0(C, E^) and this part of our proof would be unnecessary. 



A. 1 Complex Lie Groups and the proof of Theorem \I.1.4\ 
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that, in general, we do not have A(F) = A(F) and this complicates the proof, since we 
cannot conclude that a basis for \{F) is given by X{ui) + i\{Jui). Take 

\ Vi = Wi + w,e E {w,e A(F), Wi G A(F)) 
\^ Vi = i{wi - Wi) G E. 

It is clear that {vi, Vi, i = 1, k} is a basis for E and that 

Jx{F)iVi) = Jx(F)i^i + Wi) = iWi - iWi = Vi. 

Hence, all we have to verify is that {vi, vi, ffc, Vk} is a positive basis for E. Consider 
the map 

a: E ^ E 

Ui Vi 
JpUi Vi (= Jx(F)Vi) 

so that what we have to check is that it has positive determinant. Take the new map 

a: E ^ E 

u ^ Xu — iXJpu + Xu + iXJpu. 

Then, a{ui) = Vi and a{JpUi) = Vi, consequently, a = a. But a = (A — iXJp) + (A + 
iXJp), where X{u) = X{u). Next, consider 

P:Cc{E'',E'')->C^{E,E) 

X Re A + Im A o 

where (Re X)u = Re{Xu) and analogously for the imaginary part. This map is continuous 
and therefore so is the map 

deto/3 : Cc{E^,E^) 

A ^ det(/3(A)). 

Moreover, it takes the value one at the identity map, as Re / + Im I o Jp = I. Since 
SO(C, E"^) is connected, det(/3(A)) is not zero (Re A + Im A o maps Ui to Vi and JpUi 
to Vi) and det l3{I) = 1, we can conclude that det /9(A) > 0, for every A G SO(C, E'^), as 
desired. 
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That we have a left action does not require any arguments and to prove its transitivity 
we must show that for any isotropic positive A;-dimensional linear subspaces Fi and F2, 
there is A G SO(C, i?^) with A(Fi) = F2. Indeed, if we take Jp-^ and Jp^, we know that 
there is a A G SO{E) such that A o Jp_^ o A^^ = Jp^ ^ Hence, we can consider A as the 
complexified A and it is clear that A G SO(C, E^); that A(Fi) = F2 follows easily. Notice 
that this argument shows that we could have considered the transitive action of the group 
SO{E) on instead of using the group SO(C, E^). 

2"^ step. The complex structure on the manifold (^^^^(-E"^). 

We show that the isotropy subgroup of the action (|I.1.7I) is a complex Lie subgroup of 
SO(C,E^). 

Proof of the 2"^ step. Identifying E with M^''' (so that E'^ ~ C^'^) and choosing the positive 
isotropy subspace Fq = T}°M^'^ associated with the usual complex structure Jq on M^'^, 
we can reduce ourselves to the study of the isotropy group at this point. This isotropy 
subgroup Kp^ is given by 

K^o = {A G SO(C,2fc) : A(Fo) = Fq} = {A G SO(C,2fc) : A(Fo) C Fq} 

= SO(C, 2k) n {A G C{C, 2k) ■ A(Fo) = Fq} . 

^ V ' 

complex subspace of iZ(C, 2k) 

^ V • ' 

closed in SO(C, 2k) 

On the other hand, 

SO(C, 2k) n {A G £(C, 2k) : A(Fo) C Fq} 
= SO(C, 2k) n ({A G C{C, 2k) : A(Fo) C Fq} n GL(C, 2k)). 

Now, {A G /:(€, 2k) : A(Fo) C Fq} nGL(C, 2k) is closed in GL(C, 2k), it is a subgroup 
of GL(C, 2k) and dense in {A G £(C, 2k) : A(Fo) C Fq} by density of GL(C, 2k) in 
£(C, 2k). Thus, by Proposition lA. 1 . 1 1 it is a complex Lie subgroup of GL(C, 2k) with 
tangent space at the identity given by 

TidGL(C,2A;) n {A G C{C,2k) : A(Fo) C Fq} = {A G C{C,2k) : A(Fo) C Fq}. 

^Recall the argument to give a differentiable structure on S+i? as the quotient SO(i?)/U(i?): the left 
action SO (£') X E+i? defined by (A, J) AJA^^ is a transitive left action with isotropy subgroup 
V{E). 
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Hence, Kpg is the intersection of two complex Lie subgroups and consequently a complex 
Lie subgroup, with tangent space at the identity given by the intersection of the two 
tangent spaces, 



A.2 Riemann surfaces and pluriharmonic maps 

Let {M"^,g) be a Riemannian manifold. Two metrics g and g on M are said to be 
conformally equivalent if there is A : M — )■ (0, +oo) with g = \g (see O, p. 30). In other 
words, if the identity map of M is conformal as a map (M, g) (M, g). An equivalence 
class is called a conformal structure and a manifold equipped with a conformal structure 
is called a conformal manifold. 

When is a two dimensional Riemannian manifold, we then have the following 
classical result (see 0411, Vol. IV): 

Proposition A.2.1 (Isothermal coordinates). Suppose that (M'^,g) is a two dimensional 
Riemannian manifold. 

(i) Given any point of M there exists a local coordinate chart (x, y) on an open 
neighbourhood hi of that point such that 



for some smooth positive real-valued function fi on U. Such coordinates (x, y) are called 
isothermal coordinates. 

(ii) If{x, y) are isothermal coordinates then 



TuKf, = TidSO(C, 2k) n{Xe £(C, 2k) : A(Fo) C Fq}. 



(A. 1.2) 



□ 



g = fi\dx^ + dy^) 



(A.2.1) 



Va^d, + Va^dy = 



(A.2.2) 
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where V is the induced Levi-Civita connection on M^. Moreover, in the case is 
oriented, we can choose a system (x^, of such charts compatible with the orientation 
on that give to our manifold a system of complex charts on writing Za = Xa + iya- 
We call this the induced complex structure on M^. 

Notice that the induced complex structure J on is defined in isothermal coordinates 
(x, by Jdx = dy and the manifold (M'^,g,J) is Hermitian. Moreover, if g is 
conformally equivalent to g, it induces the same complex structure J. Thus, the 
complex structure on depends only on the conformal class of the metric g: an 
oriented two-dimensional conformal manifold equipped with this complex structure is 
called a Riemann surface. Furthermore, the concept of harmonic map Lp : — N 
does not depend on the particular choice of metric within the conformal structure (as 
the characterization of harmonic map in Proposition III.2.1I only involves the complex 
structure of and not its connection). We now wish to examine the converse: given a 
one-dimensional complex manifold, do we have an induced conformal structure? If this is 
true, then the concept of harmonic map is also well-defined on one-dimensional complex 
manifolds. Indeed, we have the following lemma ([fT5|, p. 43): 

Lemma A.2.2. Let (M^, J) be a one -dimensional complex manifold. We say that g is a 
Hermitian metric if J is an isometry with respect to g. Then, any two Hermitian metrics 
on (M^, J) are conformally equivalent. 

Proof. We start by showing that g in Hermitian if and only if there is a nonzero vector 
with g{X,X) = g{JX, JX) and g{X, JX) = 0. The "only if implication is trivial; 
conversely, if there is such a vector, as g is given on TM by the bilinear decomposition of 
g{aiX + a2JX, biX + b2JX), g becomes Hermitian. Now, let gi and g2 be two Hermitian 
metrics on (M, J). Let Xi and X2 as before: Xj with gi(Xi,Xi) = g(.JXi, JXi) and 
gi{Xi, JXi) = 0. Write Xi = 0X2 + 6JX2 so that also JXi = -6X2 + aJX2. Hence, 
g2{X,, Xi) = g2{X2, X2) = (a^ + b^)Xgi{X,, X,) where A = (a^ + &')f{fg, as well 
as (72(JXi, JXi) = (72(Xi,Xi) = A(7i(Xi,Xi) = Xg^{JX^,JX^) emd g2{X^, JX^) = 
= \g{Xi, JXi) from which it follows that gi and g2 are conformally equivalent. □ 
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As a consequence, we have 

Corollary A.2.3. Let (M, J) be a complex manifold and N any Riemannian manifold. 
Then, the concept of pluriharmonic maps ip : M ^ N it is well defined as those whose 
restriction to complex curves (i.e., one -dimensional complex submanifolds) on M are 
harmonic maps. 

Proposition A.2.4 (Pluriharmonic and (1, l)-geodesic maps). If{M, J, g) is a Kdhler and 
N a Riemannian manifold, a smooth map (f : M ^ N is pluriharmonic if and only if it 
is (1, 1) -geodesic. 

In particular, if we have a complex manifold (M, J) and a pluriharmonic map Lp : M ^ 
N, the existence of a Kahler metric on (M, J) guarantees that equation (IIL2.5I) : 

holds. 

Proof. Let (M, g, J) be a Kahler manifold and Lp : M ^ N pluriharmonic. We show that 
the above displayed equation holds. Fix complex coordinates (zi, Zm) on M. Then, 

since M is Kahler (see the next lemma). Hence, all we have to check is that the first term 
above vanishes. Now, because (p is pluriharmonic, we know that Lpocis harmonic for any 
complex curve c : C — )• M. Thus, 

Va,(rf(y.oc)(9,)) =0, 

since Vd{ip o c){dg, d^) = and d{ip o c){Vd,d^) = 0. Taking for each G T^^M 
a complex curve with dc{dz) = we can therefore deduce (Vdty^) X°^) = 0. 
Our proof follows easily by symmetry of the second fundamental form Vd(/9 as usual. 
Conversely, let (M, J, ^f) be a Kahler manifold and if : M ^ N a (l, l)-geodesic map. 
Taking a complex curve c, {Vdip){dc{dz), dc(c?^)) = and the proof follows as in the 
first part. □ 
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Lemma A.2.5. Let (M, J) be a complex manifold. Then, at least locally, there is a Kahler 
metric on M. For such a metric, ifV denotes the Levi-Civita connection induced on M 
and (-21, Zm) are holomorphic coordinates, we have 

Va^d,,=^a-.A.=0. (A.2.3) 

Proof. Let (p : M ^ C" be a holomorphic chart for M and consider the pull-back 
metric g of the standard metric on (or, rather, on the underlying M^™). Let us prove 
that this metric is, indeed, Kahler: decidedly g is Hermitian, since is holomorphic. To 
check that it is Kahler we proceed as follows: since (M, g, J) is Hermitian, all we have 
to do is to check that it is also (1, 2)-symplectic, which will follow if Vo^^dz^ E T^'^M; 
equivalently, if g{V Q^.d^^^dz^) = 0. Since g is an isometry, this is equivalent to proving 
that < Vg_ dz^ >= where (<>, V) are the canonical metric and connection on 
C" and dzi, dz^ the canonical vectors on C™. As the latter identity is trivial, we deduce 
that g is Kahler, as required. As for equation (IA.2.31) . all we have to do is to show that it 
holds for any Kahler manifold (M, g, J). Fix a system of complex coordinates (zi, Zm) 
(notice that here we need M to be complex!). Then, Vo^ dzj lies in T^°Af, since M is 
(1, 2)-symplecticy, using Definition II. 3. II But Va^^dz^ = Ve^.Sf^ as [dz^, dz^] = so that 
V B- dz also lies in T^^M and therefore vanishes. □ 

Corollary A.2.6. Given a pluriharmonic map if from a complex manifold (M, J), for any 
Kahler metric on M, ip is a {1, l)-geodesic map. In particular, it is harmonic. 

Proof. Fix (locally) a Kahler metric on M, which is always possible from the previous 
lemma. Then, using Proposition lA. 2.41 the result is immediate. □ 

Corollary A.2.7. If{M, J) is a complex manifold and (f : M ^ N is pluriharmonic, (f 
is harmonic for any Kahler metric on M. 

Proof. Immediate from the preceding corollary and the fact that (1, 1) -geodesic maps are 

harmonic (p . HT]) . □ 

^Notice that we do need to use both properties of Kahler manifolds: not only that (M, g, J) is integrable 
but also (1, 2)-symplectic. 
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A.3 Real and complex isotropy 

Recall that given a map : — from a Riemann surface to an arbitrary Riemannian 
manifold, is real isotropic if equation (III. 1.31) holds: 

<dl^,d:^>=0, \fr,s>l 

where dz^ = {d(f)''^{dz), <, > is the complex bilinear extension of the metric on and 
dl(p = \/^„~}idz^. We shall need the following fact: 

Lemma A.3.1. Let be a Riemann surface and (f : — )■ A^^". Then, (p is real 
isotropic if and only if 

< dlip, dl^ >= 0, Vr > 1. (A.3.1) 

Analogously, given a map ip : I x — )■ N"^"-, ip is real isotropic to first order if and only 
if 

< dlipt, dlcpt > is o{t). (A.3.2) 

Thus, to check isotropy, it is enough to establish equations (|n.l.3l) and (|V.1.8I) for r = s. 

Proof, la the non-parametric case, we want to prove (III. 1.31) from (|A.3.1I) . We shall prove 
by induction on j = |r — s|: if j = we obtain (IA.3.11) and there is nothing left to prove. 
Assume now that our result is valid for all j < n. Take r, s > 1 with |r — s| = n + 1. 
Without loss of generality, we may assume that r > s,r = s + n + 1 and we get 

< <9,^+"+ V, dlv >= dz < dt^^'f, d^ifi > - < d'+^'ip, d'+^<p > . 

Since \s + n — s\ = n, < d^'^^Lp, d^ip >= and the first term in the above expression 
vanishes. As for the second, we get \s + n — s — 1\ = |^ — 1| < n and therefore also the 
second term vanishes, concluding this part our proof. As for the parametric case, we have 
< dl^po, d^^cpo >= for all r, s > 1 if and only if < d^ipo, dlcpo >= for all r > 1 as in 
the first part. As for the t-derivative at zero: assume that < dl(pt, dl'^t >= for 
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all r > 1. Again setting j = \r — s\, the case j = is trivial. Assuming our result valid 
for all j < n and taking r, s with |r — s| = n + 1, r = s + n + 1, we have 



d_ 

dt 



t=0 



t=0 



Since ^1^^^ < dl(pt,dl(pt >= for all \r - s\ < n and ^l^^g^^ < (9f+"v?t, V't >= 
c^z ^li=o ^ t^f^"V^t; t^fv^t > we conclude our proof with the same arguments as in the 
non-parametric case. □ 

As we have seen, if is a Kahler manifold and Lp : — > is a smooth map from a 
Riemann surface AP, Lp is complex isotropic if equation (III. 1.51) : 

< V;7ii9]V, V J_\a,lV >Herm= 0, Vr, S > 1 

holds and complex isotropic to first order if (IV. 1.91) : 

d 



')q is complex isotropic and — 



< V;;_\a,lV, Vp.dfct^t >Herm= 0, Vr, S > 1 
t=0 



is satisfied. Complex isotropy (to first order) is stronger than real isotropy (to first order): 

Proposition A.3.2. Let : N be a smooth map from a Riemann surface into 

a Kahler manifold N. If ip is complex isotropic, it is also real isotropic. Moreover, if 
ip : I X — )■ A^ is complex isotropic to first order, it is also real isotropic to first order 

Proof. We start by showing the non-parametric case. Let Lp : — )■ A^ be a complex 
isotropic map. Writing z = x + iy, 

df^p = d,ip - iJ^d^ip = ^{d^ip - idyifi - iJ^{d^<p - idyip)}. 

Then, using the fact that A^ is Kahler, the left-hand side in (|n.l.5l) can be rewritten as 



i <V''-J^{dip{d,-idy)-tj''dip{d,-ldy)), Vl:},{d^{d,+Zdy)-lJ^d^{d^+tdy)) > 
i <Vl7},idipid,-ldy)-tj''dipid,-ldy)), Vl-^}^idip{d,-tdy)+lj''dip{d,-tdy)) > 

< J^v;;_\d¥.(5, - 29,), V;7-\d¥P^(9,. - tdy) > 

+ < V;7_\d(/.(9,. - idy), J^V^7id¥.^(9,. - Zdy) >}} 
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In particular, when r = s, writing X = V^r-idz^, it follows that 

< X,X > +i < X, JX >= 0. If X = Xi + iX2, the latter condition implies that 

< Xi, Xi >=< X2, X2 > and < Xi, X2 >= 0. Thus, complex isotropy implies 

< v^;_\9,¥P, v;;_\9,¥P >= 0, Vr > 1. 

From Lemma lA.3.1l we conclude that is real isotropic. 

For the parametric case, let ip : I x — )■ X be a map complex isotropic to first order. 
Then, ipQ is real isotropic to first order, from the above. Hence, we are left with the 
t-derivative at zero. Repeating the argument above with we conclude that 



d_ 

di 



{< v;;_\a,yp, V-^Aip >} = 0, Vr > 1. 

i=0 



Now, using Lemma IA.3.11 (equation (IA.3.21) ). we deduce that Lp is real isotropic to first 
order, concluding the proof. □ 



A.4 A parametric Koszul-Malgrange Theorem 

In this section we prove Theorem II.5.1[ We shall need a parametric version of the 
Frobenius Theorem, so that we divide this section in two: in the first, we deal with this 
parametric version of the Frobenius Theorem and on the second we prove the referred 
Theorem II. 5. 1[ 

A.4.1 Parametric Frobenius theorem 

The following result can be found in ||35]| (Theorem IV. 8. 7) (see [ T3l for the non- 
parametric version): 

Theorem A.4.1 (Frobenius Theorem: parametric version). Let E, F and G be three vector 
spaces. Let Fq ^ F be an arbitrary set, M C E a smooth manifold, A open in F^xCxM 
and X : A — i- C{G, E) a map such that for each (t, x,y),G Awe have: 
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(i) the linearmap X{t, x, y) e >C(G, E) maps G to TyM. 

(ii) the bilinear map 

GxG^E 

(AAA) 

{w,w) dXt,^^y(0,w,X(t,x,y){w)){w) 

is symmetric. 

For each (t, x, y) e A, let ft,x,y '■ ^t,x,y M the maximal solution of the total differential 
equation defined by Xf : At ^ jC{G,E) with the initial condition {x,y). Let Q C 
FqxGxGxM bethesetof elements {t,xi,X2,y) suchthat{t,X2,y) e Aandxi e Vt^x2,y 
and take a; : Q — > M the parametric solution defined by 

u(t,Xi,X2,y) = ft,x2,y{xi). 

Then: 

(i) is open in FqX G x G x M and ou : ^ M is aC^ map. 

(ii) If X : A ^ £{G, E) is CP {1 < p < +00), then uj is also C^. 

(i) Note that Fq can be regarded as the space of parameters. Taking Fq = {0} we get the 
non-parametric version of this result. We can also conclude that the solution / in this case 
is of class C^' if X is C^. 

(ii) When we claim that X (or the solution f) is on A C Fq x G x M, we mean, as is 
standard, that it admits a extension to an open set of the vector space F x G x M. 

We give some consequences of this result. Firstly, we obtain a parametric version of the 
Frobenius Theorem using differential forms: 

Theorem A.4.2 (Frobenius Theorem:parametric version). Let G be a connected (real) 
Lie group and M a manifold. Let Fq C F be any subset containing the origin of the real 

vector space F and A open in FqX M containing (0, Xq). Then, if a is a smooth g-valued 
1-form on M defined on A <Z Fq x M (i.e., a : Fq x M ^ C{TM, q), a{t, x) = at{x) : 
TxM — > Q is smooth in [t, x) ) with 

dat + [at,at] = 0, Vt G Fq (A.4.2) 
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then there is a (unique, locally defined) G-valued smooth solution of the equation 

f{t,x)-'dft^ = atix), V(t,x), ftixo) = e. (A.4.3) 

Proof. As every Lie group is locally isomorphic to a linear group ( IfTTTl . [|25l ') and we are 
looking for local solutions, we can assume that G C GL,(E). Take a local chart (U, rj) of 
M around xq and write a{t, x) = OLi{i^ x)drii, where ai{t, x) are the smooth g-valued 
functions determined by the condition dat{x){X) = ai{t, x)dr]{x){X). We are then 
looking for a function f(t, x) defined around (0, Xq) satisfying the equation (on x): 

f-'dftM.) = <t,x), vt 

Composing with rj we can reduce to the case where M = rfilA) C M*" and look for 
solutions / : V C A C F X G of the equation 

/-'^ = a.(t,a;), /(t,0)=e. 

Consider the map 

X : Fo X M*" X G ^ £(R'", £(F, F)) 

{t , X , y) ^ X{t,x,y) = y.a\x) -.W^ C{E,E) (A.4.4) 

Ci y.a\x){ei). 

Notice that at{x) is a g-valued 1-form on so that at{x) : T^W ^ g C C{E, E). On 
the other hand, if ft is a solution of Xt then / : V G has (a;, /t(a;)) G At C x G 
and dft^{ei) = Xt{x, f{x))(ei) = f{x).at{x){ei), which is precisely what we want. 
Therefore, we are left with proving that the conditions of Theorem I A .4. 1 1 are verified. For 
the first condition, we show that X^{x,y) maps to TyG. As TyG = dLy{e){g) we 
then have ?/)(ei) = y.at{x){ei) = dLy{e){at{x){ei)); since cij(x)(ej) G g this part 
is proved. For the second condition, we now have 

dXUu,v)ie,) = dX*'^(w)(e.) + dX*'-(t;)(e.) 
= d{x y.atix))r,{u){ei) + d{y -> y.at{x))y{v){ei) 

= d(x -> y.atix){ei))^{u) + d{y -> y.at{x){ei))y{v) = y.dat^^ (u) + v.at{x){e,i) 
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so that taking u = Cj and v = y){ej) = y.at{x){ej) we get 

(iXl^y)iej,X\x,y)iej))iei) = y.da^e,) + ?/.a*(x)(ej).a*(x)(ei). 
Hence, condition (ii) of Theorem lA.4.1l is satisfied if and only if 

-y.{dat^^{ej) + at{x){ej).a\x){ei) - dat^^{e,i) - at{x){ei)at{x){ej)) = 0. 
As ?/ G G we deduce that this is equivalent to 

d^Xatix){ej)) - d^^{at{x){ei)) + atix){ei)atix){ej) - atix){ej)atix){ei), Vi,j 
which is precisely (IA.4.21) . concluding our proof. □ 

We now replace the real (vector- valued) parameter t by a complex one and consider the 
holomorphic dependence on this parameter z. Notice that we shall not be solving any 
kind of holomorphic equation: we still want a solution in real variables for each fixed z 
but now holomorphically-dependent on z. More precisely: 

Proposition A.4.3. Suppose that G is a complex Lie group and M a (real or complex) 
manifold. Let a : Fq x M — )■ C(TM, q) be a g-valued 1-form on M as in Theorem \A.4.2\ 
holomorphic as a function on z and smooth as a function on {z, x). Around each point 
xq E M consider the (unique) smooth solution f{z, x) guaranteed by Theorem \A.4.2\ to 
the equation f^^dfz = o.^, fzi^o) = e. Then, this solution is holomorphic in z. 

Notice that equation dfz = is only a "real" equation: if is the g-valued 1-form, we 
write «2 = X]i=i '^i,zdfi, where (U, (p) is a chart of M (or, when M is complex, the real 
chart associated with a complex chart of M) and we solve the equations df^id^^) = ai^z, 
where a{z, x) are g-valued maps, smooth in (z, x) and holomorphic in z. 

Proof. As before, we assume that G is a linear group. We shall show that our solution is 
itself a solution of a differential equation on z: as f~^d^^fz = ai^z, we can apply 82 to 
this identity to obtain (using a-holomorphicity) 

-f-'d,ff-%J + f-'d%J = d-zfa, = d^^d-zf. 



A.4 A parametric Koszul-Malgrange Theorem 



147 



Let f{z, x) = dzf; then, is solution of the equation 

= d^J~,. (A.4.5) 

Notice that now / is a map to C{E, E) and no longer to the Lie group G. Moreover, as 
fz{xo) = e, we have fz{xo) = for all z; in particular, / is a solution to the equation 
(IA.4.51) with initial condition /^(O) = 0. Then, obviously, = is a solution to this 
equation and initial condition and if it is the unique solution we can deduce dgf = 
which proves that / is holomorphic in z. We can now use once again Theorem I A . 4 . 1 1 (the 
non-parametric version) on each z to guarantee the uniqueness of solutions: take (in local 
coordinates) the map 

-.W X C{E,E) C{W^,C{E,E)) 

X , A ^ X.a,{x) -.R"" C{E,E) 

Ci X.az{x){ei). 

Then, a solution to the total differential equation defined by is a map / : V C — )■ 
C{E, E) with d/ = /) = /.a^(x) (as we want) and if there is a solution for a given 
initial condition it is unique, concluding our proof. □ 



A.4.2 Parametric Koszul-Malgrange Theorem 

In this section we prove Theorem ll.5.11 This proof is a parametric version of that in QUI : 

Lemma A.4.4. Let F be a (real or complex) vector spaced and Fq C F any subset 
containing the origin. Let g be a complex vector space and let £(g, g) denote the 
space of linear endomorphisms of q. Given a smooth^ function M{ti, t^, Zi, z^) 
(respectively, ^(ti, t„, zi, z^)) defined on an open set U C Fq x containing 
(0, 0) with values on £(0, q) (respectively, on g), holomorphic in (zi, Zp) (0 < p < m), 
there is a smooth function (pij^i, ..,t,tn, Zi, Zm) defined on V C W, (0,0) G V, with 



"^That we shall regard as the set of parameters. 

^As in Theorem lA.4.11 smoothness in the sense that we have a smooth extension to an open set. 
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values in g and holomorphic in (2:1, Zp) that satisfies the equation 

d,^^,ip = Mip + ij. (A.4.6) 

Proof. If F is complex, the result is immediate from the non-parametric version 
of this result ( Il30l . Lemma 2.). If F is real, identify it with M" and let 
us we proceed in the natural way: from the functions M(ti, t„, zi, z^) 
and ip(ti, ...,tn, zi, Zm), defined on open set in x C™, define new 

functions M(ai, a^, ^1, -Zm) and ^(ai, a^, zi, 2;^) defined on an open 
set in C" x by M(ai, a„, z™,) = M(Re ai, Re 2:1, 2;^) and 

ilj{ai, ...,an, Zi, Zm) = ^^(Re ai, Re a„, 2:1, 2;^); these are still smooth and 
holomorphic in (zi, Zp), for < p < m. Hence, we have now a complex vector 
space of the form C"+™ and we can use the non-parametric version of this lemma to 
deduce that there is a smooth solution (^{ai, an, Zi, Zm) defined on an open set 
around (0, 0) G C"+™ to the equation dz^^^^Lp = Mip+ip, holomorphic in (zi, Zp). Take 
ip{ti, t„, 2:1, Zm) = (pih + iO, t„+20, 2:1, Zm); this is smooth and holomorphic 
in (2:1, .., Zp). Let us show that satisfies equation (IA.4.61) . Indeed, 

5 ^1 5 • • • 5 ) 

= M{ti + iO, + ^0, Zi, Zra)(p{tl + zO, + «0, 2i, Zm) 

= M{ti, ....,tn,Zi, ...,Zm)<^{tl, ..■,tn,Zi, ...,Zm) +1p{ti + , ....,t 

concluding our proof. □ 

Lemma A.4.5. Let G C C{E, E) be a Lie group and let g = TgG C C{E, E) and take 
Fq (1 F as in Lemma \A.4.4\ Let L{t, z) and K{t, z) be Q-valued maps, smooth in Fq x U 
and holomorphic in zi, Zp (0 < p < m). Assume that 

^-^,IL,K]^0. (A.4.7) 

OZp+i OZp+i 

Then, for fixed (t, zi, Zp, Zp-^2, Zm) = (t, Zp^i), there is a (unique) function h with 
values on G such that 

3h 3hj 
/i(0) = e, h~^- = K and h'^— — = L. (A.4.8) 

aZp+i o Zp j^i 
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Moreover, the resulting map h{t, Zi, z^) = ht, Zp+i(zp+i) is smooth and holomorphic 
in the variables zi, ...,Zp. 

Proof. Consider {t, zi, Zp, Zp+2, Zm) as the space of parameters. Then, we are 
solving the parametric equations given by equation (IA.4.71) . Moreover, notice that we 
can rewrite these equations as 

where a = {K + L)dxp+i +i{K — L)dyp^i, Zp^i = Xp+i + iyp+i- Using Theorem [A.4.2l 
and Proposition |AA3l we deduce the existence of h satisfying our conditions if and only 
if da + [a, a] = 0. But we have 

= d^^^MK - L)) - dy^^^HK + L)) + i{K + L){K-L)- i{K - L){K + L) 
= W^p^.K + tdy^_,K - {d^^^^L - idy^^^L)) + i{LK -KL + LK- KL) 

This last expression vanishes, from our hypothesis (IA.4.71) . concluding the proof. □ 

For the non-parametric version of the following result, see fBOl, Lemma 1: 

Lemma A.4.6. Under the same notations as before, let L{t, z) be smooth in Fq x U with 
values in Q.IfL is holomorphic in Zi, Zp (0 < p < m), there is a smooth function h on 
an open set containing (0, 0) in Fq x C™, with values in G and with 

h-'^ = L. (A.4.9) 

Proof. We shall prove the latter lemma by means of the two preceding ones. Consider the 
equation on K given by 

^ = ^^^L,K] = ^-LK + KL. (A.4.10) 

OZp^l OZp+i OZp+i 

Using Lemma lA.4.41 where ijj = and M is the function with values on C{g,g) 

defined by M(A) = XL — LA, we deduce the existence of a smooth map K satisfying 
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(|A.4.10I) . holomorphic in zi, Zp. Using now Lemma lA.4.51 we can guarantee that there 
is a smooth map h, holomorphic in zi, Zp, satisfying equation (IA.4.91) . □ 

We are finally ready to prove Theorem lL5.lt we shall show that Lemma lA.4.6l implies our 
result. Write a = J2j dj^Zj, where the aj are smooth (but not necessarily holomorphic 
in any variable) on the open set A C Fq x C". Then, take /o = e and Lq = ai = 
fo.ai.fQ^ — Ii^./q"^. Using Lemma |A.4.6[ solve the equation fiQ^^ = Lq, which 
solution is a smooth map, not necessarily holomorphic in any variable, as neither is Lq. 
Writing fi = ho = /iq./o, we have /f = Lq = ai. Let = /i.aa./f' - §|/r' 
and let us show that = 0. Indeed, using the fact that a satisfies (II.5.4I) . and that 
/r^fft = we have 

dLi _ dfi f-l I f f-l _ f f-l^ f-l _ f-l ^9fif-ldh n-l 

= /i«i«2/r' + /lif /r' - /i«2«i/r' - (f|«i + /It)/-' + fft«i/r' 
= /i(«ia2 - «2«i + If - If )/r' = 

as required. Next, take hi a smooth solution of the equation h^^^ = L\; since Li is 
holomorphic in zi, so is hi (Lemma [A. 4. 61) . Write /2 = /ii./i (which is not necessarily 
holomorphic in any variable) and let us show that f2^^ = aj, j = 1, 2. In fact, 

df2 dhi dfi 
^ = A~/i + "1 

OZj OZj OZj 



Thus, if j = 1, from the zi-holomorphicity of hi and because ^ = /itti, then we have 
U = hifiai = f2ai. As for j = 2, since ||^ = h2Li, we have 

— = /llLi/i + /ii— = /ii(/i.a2-/i ~ j/i + = /2«2- 



Finally, writing 



-iv2 = 7203/2 - ^/2 



we have that L2 is holomorphic with respect to zi and Z2 since, for j = 1,2, 

dL2 _ df2„, I / das /-I _ / „, f-idf2 e-l _ d'^ f2 £-1 i df2 f-ldf2 f-l 

dzj ~ tej "3/2 -rj2Qg^J2 J2«3J2 a^^. /2 dzjdzsJ'^ '^dziJ'i dzjJ^ 

= /2«,«3/2-' + /2^/2-' - /2«3«,/2-' " ^^s (/s^.OA'' + fi«./2-' 

= /2(aja3 - a^aj + ||f - iD/a"' = 
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as a satisfied (II.5.4I) . Hence, now solving equation — -^2 gives a smooth map 

which is holomorphic in zi and 22. We continue by induction until we get the map /„• 
This map is smooth in (t, z) (although not necessarily holomorphic in any variable) and it 
satisfies fm^ii^ = ^tj for all I < j < m. So, is the desired map / of Theorem lL5.1[ 
finishing our proof. 
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